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ABSTRACT

The main aim of this paper is to study the unfair game model.
It is described by a random walk in one dimension. In this
model, there exists a law of large number and the random walk
converges in probability to a constant. All results are here
proved by the method of moment which was introduced in
(Billingsley, 1995).

TOM TAT

Muc tiéu chinh cua bai bao la nghién ciru mé hinh tro choi
khéng céng bang. N6 diege mé ta béi bude di nga~u nhién trong
khong gian mot chleu Trong mo hinh ndy ton tai mot ludt so
lon va budc di ngdu nhién héi tu theo xdc sudt dén mét hang
s6. Tat ca két qua o ddy déu dwoce chirng minh boi phwong phdp
moment dwoc gidi thiéu trong (Billingsley, 1995).

Law of large number, Markov operator,
method of moment, unfair game model,
random walk

1. GIOI THIEU

Trong 1y thuyét xac suét, luat sé s 16n chi ra
rang: khi ta chon ngau nhién mot mau trong quan
thé ma kich thudc miu cang 16n thi cac dic trung
clia mau cang “gan” voi cac dic trung cua tong thé.
Trong thuc té, ta thiy rang nhan dinh nay ciing ding
trong rat nhiéu linh vyc tir sinh hoc, nong nghiép,
kinh té x4 hoi cho dén khoa hoc cong nghé. Pic biét,
ly thuyet trd choi véi nhiéu may rui ciing cho ta
nhiéu két qua lién quan dén luat sb Ion.

Gia str mot tro choi ¢ hai nguoi choi 1a A va B
thi dau voi nhau véi 3 kha ning thing, hoa va thua.
Néu xéac suét thing bang x4c suét thua thi ta goi 1a
tro choi cong bang, con nguoc lai xac sudt thing va
thua khéc nhau thi goi Ia tro choi khong cong bang.
Chiang han xét tro choi tung 1 ddng xu: ng A thing
1 ddng néu ddng xu ra mat sap va thua 1 déng néu
ddng xu ra mat ngira. Pay 1a mé hinh tro choi cong
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bang va ta biét rang trung binh mdi lan choi thi
nguoi choi hoa von. Két qua nay da duoc ching
minh trong bai bao (Lam Hoang Chuong va Duong
Thi Bé Ba, 2017). Do d0, trong pham vi bai bao nay
chung ta tap trung nghién ctru md hinh ctia mot trod
choi cta hai d6i thii. Ta xét trd choi tung 1 con xuc
xac rat don gian: ong A thing 1 dong néu xuc xic ra
mat 2 chim hoic 4 chim, hoa néu xtc xic ra mat 1é
va thua 1 dong néu xic xac ra mat 6 chim. Day con
dugc 1a mo hinh tro choi khong cong bang duge mo
ta v& mat toan hoc nhu sau: ong A cé b von ban dau
la X ddng va sau mdi van choi thi

— thing 1 déng véi xac suat 1/3,
— hoa vbn véi xac suit 1/2,
— thua 1 ddng véi x4c suét 1/6.

Goi X, (ddng) 1a s6 tién cua 6ng A sau van thi
n(n>0) va khong mat tinh tong quat ta gia sir
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Xo =0 1a 6 vén ban dau ciia ngusi choi. Khi do

tap gia tri cia X, la tap s6 nguyén 7. Pay la md
hinh budc di ngau nhién khong can bang trén khong
gian trang thai mot chiéu cé6 cuong do dich chuyén
sang théi hodc sang trai 1 don vi hodc khong dich
chuyén 1a khac nhau. Truong hop x4c suat thang va
thua nhu nhau thi d6 1a mé hinh cua budc di ngau
nhién cin bang. Cac xac suat chuyén cua bude di
ngau nhién tai vi tri bt ky K €Z ¢ thoi diém
N> 0 duoc cho boi cac biéu thirc sau:

P{X; 1 =k+1| X, =k}=1/3,

P{X g =K Xy =k}=1/2,

P{X, 4 =k-1] X, =k} =1/6.

n+1
Toan tir Markov P twong ung véi budce di ngau
nhién trén la f — Pf duogc xac dinh boi

PF(Xp) = E[ f(Xpq) | Xp |, 020
trong d6, f 1a ham do dugc, bi chan trén khong
gian trang thai cia budc di ngiu nhién 13 tap sb
nguyén Z.. Bang céc tinh toan lién quan ky vong co
diéu kién, véi mo hinh ctia budce di dang xét, ta ludn
co
1
PE(k)=—[f(k-D+3f(K)+2f(k+D)].
6
Cac tai liéu (Norris, 1998) va (Ross, 2010) trinh

bay kha chi tiét cac tinh chét ciia budc di ngiu nhién
trong khong gian mot chiéu.

Thoi gian gan day, Lam Hoang Chuong va ctv.
(2017) da dwa ra mo hinh budc di ngau nhién chi co
dich chuyén sang phai (thing) 1 don vi véi x4c suat
al (o + B) va sang trai (thua) 1 don vi véi x4c suét
VGi xac suat B/ (a+B) la khac nhau. Khi d6 mot
dang cua luat sé 16n duoc chi ra d6 1a

n a+pf

khi n — +0. Trong bidu thic trén, ———>
ky hiéu cho héi tu theo xac suat clia cac bién ngau
nhién. O d6 cac tac gia da xip Xi cac moment bac

k=12 cua x, dé co gigi han hoi tu dén cac hang
s6 6,6°.

Nhu vdy m6 hinh trong bai bao chung ta dang
xét tong quat hon trong Lam Hoang Chuong va ctv.
(2017) va ngoai ra cac moment bac k =1,2 cta X,
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s& dugc tinh ra két qua cu thé ma khong can thong
qua viéc ding phuong phéap xap xi. Ta ciing c6 mot
dang cua luat s 6n trong mé hinh tro choi khong
cong bang (thédng — hoa — thua) nhu sau:

Pinh Iy 1.1 Cho (Xp),,5 1& budc di ngau nhién
khong can bang nhu trén. Khi d6 ta ¢6
Ly P

———3_ khi n— +w.
£

n (o

Céu trac cua bai bao duoc sap xép nhu sau. Muc
2 trinh bay phuong phap chirng minh dugc s dung
trong bai bao. Ching minh chi tiét Dinh 1y 1.1 duoc
dua ra & Muc 3. Cubi cing 1a phan két luan van dé
o Muc 4.

2. PHUONG PHAP NGHIEN CUU

Mot trong nhimg phuong phap dung dé nghién
ctu luat s6 16n dwoc st dung rong réi thoi gian gan
day 1a phuong phap moment. Theo d6, dé ching
minh sy hoi tu cua cac bién ngau nhién theo xéc suét
dén mot hang sé, ta ching minh sy hoi tu cua day
cic moment cua bién ngiu nhién do. Pafnuty
Chebyshev 1a nguoi dau tién da dé xuat phuong
phap nay trong nghién cttu cua ong dé ching minh
dinh 1y gidi han trung tam (Billingsley, 1995).
Phuong phap nay tiép tuc duoc phat trién trong
nghién ctu sy hdi tu cia bude di ngau nhién trong
moi truong ngau nhién & cac cong trinh cua
(Depauw & Derrien 2009) va (Lam, 2014). Phuong
phap moment ap dung cho luat s 1on trong bai bao
nay dugc phat biéu dudi dang hé qua nhu sau

Pinh 1y 2.1 (Billingsley, 1995) Cho (z,),s1 1a
cac bién ngiu nhién cung xac dinh trén mot khong
gian xac sudt va a la mot hang sb. Néu

iim B(Zy)=a va tim B(z,7)=a" thi Z, hoi
N—0 nN—o0
tu theo xac suat dén a khi n — o,

Trong phan tiép theo, ta s& van dung dinh 1y 2.1
cho Z, = X, /n vahang s a=1/6.Khi d6 ta can

chi ra rang
2 2
X o (1
) G

1 .
=—,Vad |Iim E
6 n—o0

X
lim E(”j
n—oo n

3. KET QUA THUC HIEN

Ta chia bai toan lam 2 truong hop cho moment

bac 1 va moment bac 2 cia X, /n. Theo Lam
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Hoang Chuong va ctv. (2017), cac moment nay chi
tinh xap xi va 1ay gigi han khi n — ». O day chung
ta s& duara biéq thirc tinh cu thé cho céc gid tri nay,
tur d6 dé dang lay gi¢i han khi n — o. Khi d6 dinh
Iy 1.1 hoan toan dugc ching minh nho ap dung
phuong phap moment nhu da gigi thiéu trong Dinh
ly 2.1.

Dau tién, ta xét trudng hop moment bac 1 cua
Xp /' n. Tagiai phuong trinh Poisson twong tng vai
toan tr Markov P ctia qua trinh da cho. Day 1a mot
dang phuong trinh vi phéan tuyén tinh cua f (m) xdc
dinh trén tap s6 nguyén Z nén n6 co thé dwoc giai
bang cach dé quy theo bién m e Z. Sau do, duya vao
tinh chat nghiém tim dugc va két hop ky vong co
diéu kién dé co két qua mong muon.

Ménh dé 3.1 Moment bac 1 caa budc di ngiu
nhién da cho la

T Xp) 1
E(Xn)z—n. Tudoé,tacd lim E| — |=—.
6 N—o0 n 6

Chitrng minh. Phuong trinh Poisson véi | 1a toan
tor dong nhat

{(P— 1)fy(m) =1 VmeZ
f1(0)=0

ludn c6 nghiém. That vay, tir phuong trinh

(P-1)f(m) =1 (3.1)

dan dén

2[f) (m +1) — £y ()] - [f (m) - f; (M -1)] = 6.

Chia hai vé cho 2 ta dwoc biéu thirc trong dwong
1
(M +2) = M1~ ()~ f(n-D] =3

B¢ quy theo m,m-1,...,— ta duogc
1 1
f (m)—f(m-1)=3. 1+E+2—2+... =6.

Néu m=>1 thi tiép tuc dé quy theo
m-1,m-2,..,1 va két hop gia thiét f,(0)=0 ta
duoc

fl(m):6m.

Néu m<-1 thi &¢ quy theo mm+1,...-1 ta
cling duoc két qua twong ty. Nhu vay
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f (m) =6m,me Z (3.2)

1a mot nghiém cia phwong trinh (3.1). Mat khac,
thé mbai X,, trong biéu thuc (3.1) roi lay ky vong
ta duoc

ELf,(X,,1)1- E[f(Xp)] =1 ¥n >0.

Trong biéu thirc trén ta co sir dung két qua
ELE(£,(Xpyq) | Xn )1=ELF (X ,9)] duoe ap dung
tr tinh chit ky wvong c6 diéu kién
E[E(X |Y)]=E[X] v6i moi bién ngiunhién X va
Y. Tiép theo dé quy theo n,n—1,...,0 ta dugc

E[f(Xp)]=n,¥n>0. (3.3)

Cubi cung, két hop (3.2) va (3.3) ta dugc
E[f,(X)] = E[6X]=n, vn > 0.

Tur d6 ta c6 két luan cua Ménh dé 3.1. o

Déi véi truong hop moment bac 2 thi ta ciing
thyc hién cac bude tuong ty nhu moment bac 1. Tuy
nhién, trong phuong trinh Poisson ta st dung lai

nghiém f;(m) da tim duoc lam tham s6. Khi dé
nghi¢ém f,(m) dugc xdy dung dya trén nghi¢m
f (m) nén no cling c6 cic tinh chét cua f (m) Cu
thé, ta c6 ménh dé sau:

Ménh dé 3.2 Moment bac 2 caa budc di ngiu
nhién da cho la

1 17
(x,2)- Loz 1,
36 36
Tudotacd
X 2 1
lim E (”j =
N—o0 n 36

Chumg minh. Phuong trinh Poisson v6i | 1a toan
tar dong nhat

{(P ~1)fy(m) = f(m), Ym e Z
£,(0) =0

ludn c6 nghiém. That vay, tir phuong trinh

(P—1)fy(m) = f;(m)=6m 3.4

dan dén
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2[f, (M +1) — f ()] - [, (M) — (M ~1)] = 36m.

Chia hai vé cho 2 ta duoc biéu thic trong dwong
1
[ (M +2) = (]~ [ (m) ~ £, (m -] =18m.

b¢ quy theo m,m-1,...,— ta duogc

fy(m)— fy(m-1)

=18 1(m-D)+—(M-2)+—(M-3) +...
2 4

+o0 1
=18|:_Z — (m—(i +1))}.
i=0 2

Ta phan tich biéu thuc trong dau ngoac
cung thanh hai chudi $6 1a chuoi

cudi

+00 1
2~ m=2m,
i=0 2

va chudi tht hai
+00 1

Z l|(|+1)—

= =4
i=02 (1—1/2)2

Tur @6 ta duoc
fy(m) - fy(m—1) =36m - 72.

Néu m=>1 thi tiép tuc dé quy theo
m-1,m-2,..,1 va két hop gia thiét f,(0)=0 ta
duoc

fy(m) =18m(m+1) — 72m = 18m2 —54m.

Néu m<-1 thi dé quy theo mm+1,..-1 ta
ciing dwoc két qua tuong tw. Nhu vay

fo(m) = 18m — 54m, m € Z (3.5)
la mét nghiém cua phuong trinh (3.4). Mét khac,
thé mbai X,, trong biéu thuc (3.4) roi lay ky vong
ta dugc

ELf5 (X411~ ELfy (X)) =0, ¥n > 0.

Trong két qua trén, ta c6 s dung két qua
E[E (5 (X0 | X JI=ELfp (X, )] duge  dp
dung tir tinh chit ky vong c6 diéu kién
E[E(X |Y)1=E[X] véi moi bién ngau nhién X va
Y. Tiép theo dé quy theo n,n—1,...,0 ta dwoc
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(n=1n

E[f,(Xp)] = ,vn>1. (3.6)

Cubi cung, két hop (3.5) va (3.6) ta dugc

2 (n=1n
E[f,(Xp)] = E[18X," —54X,]= , ,Vn>0

Str dung két qua & Ménh d& 3.1 ta c6

(n—1)nJ 1 o 17
=—n

—n ——n,vn=0.
2

1
E[X2]=— | on+
n
18 36 36

Két qua duoc viét lai nhu sau

2
Xy, 117
E[| 2| [==-— vn>L1

n 36 36n

Tur d6 ta c6 két luan cua Ménh dé 3.2. o
Chi y 3.3 Néu ta dat

X 1
E| 20 |-2+
n 6
thi ta c6 toc d6 hoi tu trong Pinh 1y 1.1 1a

)
d(n)=0| ~ |.
n

4. KET LUAN

Bai bao di chung minh sy ton tai mot dang cua
luat s6 Ién cho mé hinh tro choi khong cong bang
théng qua viéc st dung phuwong phap moment.
Ngoai ra, diém mau chét trong bai toan nay & chd ta
¢6 thé giai duoc phuong trinh Poisson tuong &ng véi
toan tr Markov P . Tur d6 ¢6 thé tinh dugc moment
cua bién ngau nhién mot cach chi tiét va ngin gon
hon rat nhiéu so véi viéc ding phwong phap x4p xi.
Ngoai ra, chiing ta c6 thé tinh dwgc cac moment co
bac cao hon. Chung t6i ky vong phuong phap nay
¢6 thé dugc ap dung cho cac bai toan khac cé lién
quan.
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