Tap chi Khoa hoc Trirong Pai hoc Can Tho

Tdp 58, S6 chuyén dé: Khoa hoc tr nhién (2022)(1): 121-128

Tap chi Khoa hoc Trudng Pai hoc Can Tho

S6 chuyén dé: Khoa hoc tu nhién

website: ctujsvn.ctu.edu.vn

DOI:10.22144/ctu.jvn.2022.106

NGUYEN LY BIEN PHAN EKELAND CHO HAM HAI BIEN VOI NHIEU TAP

Pinh Ngoc Quy'", B Hong Diém? va Ha Nguyén Huynh Anh®

'Bg mén Todan, Khoa Khoa hoc Tu nhién, Truong Dai hoc Can Tho

2Bg mén Todn, Khoa Co bdn, Truong Dai hoc Y durot Can Tho

3B mén Todn, Khoa Khoa hoc Tu nhién, Trirong Pai hoc Can Tho

*Nowoi chiu trach nhiém vé bai viét: Pinh Neoc Quy (email: dnquy@ctu.edu.vn)

Thong tin chung:

Ngay nhdn bai: 20/05/2022
Ngay nhdn bai sira: 25/06/2022
Ngay duyét dang: 11/07/2022

Title:

Ekeland’s variational principle
for bifunctions involving set
perturbations

Tir khéa:
Nguyén Iy bien phan Ekeland,
nhieu tdp, tinh nira lién tuc dudi

Keywords:

Ekeland’s variational principle,
lower semicontinuity, set
perturbation

ABSTRACT

In this paper, we consider Ekeland’s variational principle for
bifunctions defined on complete metric spaces and with values in
Hausdorff locally convex spaces ordered by closed convex cones.
Instead of dealing with directional perturbations in a direction of the
positive cone of the image space, we perturb the map under question by
a convex subset of the positive cone to get stronger and more general
versions. Many example are provided to highlight the relations of our
results to the existing ones, including their advantages.

TOM TAT

Két qua ciia bai bdo nay la sw mé rong ciia nguyén 1y bién phin Ekeland
cho ham hai bién vecto dwoc xét tir khong gian métric dii vao khéng gian
Hausdorff 16i dia phwong dwoc trang bi thit tw boi mot non 16i dong c6
dinh. Ham muc tiéu dwoc nhiéu béi mot tap 16i nam trong non thir tu,
thay thé cho nhiéu theo mét huwémg cé dinh nam trong nén dwoc nghién
cuu trude dday. Cac hé qua trong cdc truong hop dac biét dwoc dua ra
dé so sanh voi cac két qua nghién cieu gan day vé van dé nay.

1. GIOI THIEU

al., 2008; Araya et al., 2008). Sir dung EVP dé xay
dung dieu kién du cho ton tai nghiém cua bai toan

Nguyén 1y bién phan Ekeland (1974) (viét tit 1a
EVP) la két qua quan trong cta giai tich bién phan
va 1y thuyét téi vu.  Nguyén Iy nay c6 rat nhiéu két
qua tuong duong noi tiéng, cu thé nhu Dinh 1y diém
bat dong Caristi (1976), Dinh 1y giot nude roi cia
Danes (1972), Dinh 1y canh hoa cta Penot (1986),
Dinh 1y Krasnoselski&Zabrejko (1971) vé tinh giai
duoc cua phuong trinh toan, Bé dé Phelps (1974),
V.V,

Trong nhitng ndm gan day, nhiéu tac gia ¢ ging
ma rong cac két qua cua EVP cho truong hop ham
hai bién va ng dung vao nghién ctu sy ton tai
nghiém cua bai toan can bang (Bianchi et al., 2005;
Bianchi et al., 2007; Ansari, 2007; Al-Homidan et
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can bang c6 uu diém 1a khong can sir dung bt cir
gia thlet 16i cho tap xac dinh va anh xa. Pay 1a mot
cach tiép can méi dya trén y tuong dugc dua ra dau
tién boi Bianchi et al. (2005).

Véc xét EVP duoc nhiéu bai mot tap 16i nam
trong non thtr tw cia khong gian anh, thay thé cho
nhiéu theo mot hudng b dinh nam trong nén duong
duogc nghién ciru trude ddy duoc gisi thiéu dau tién
boi Bednarczuk and Zagrodny (2009). Mot sé két
qua ma rong EVP cho truong hop nhiéu tap xét cho
ham da trj mot bién s ciing dugc dé xuit bai Khanh
and Quy (2013); Qiu and He (2020). Ung dung EVP
da trj voi nhidu tap dé khao sat can sai s6 cho hé bat
phuong trinh dugc quan tdm baéi Li and Ng (2011).
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Gan day, trong bai bao ctia Hai (2021), tac gia ciing
dd dua ra dang mé rong EVP cho ham 2 hai bién
vecto v6i nhidu tap dé nghién ctru dang nghiém xap
xi Henig cho bai toan can bang véi ca hai truong hop
khong co6 rang budc va c6 rang bugc.

Trong bai bio nay, EVP cho ham hai bién véi
nhiéu tap dugc tap trung mo rong dé nghién cau
dang nghiém xap xi Pareto. Day la dang nghiém phd
dung trong t6i wu va tap nghiém xap xi Pareto rong
hon tap nghiém xap xi Henig. Két qua mé rong nay
cling s€ 1a co s cho phép nghién ciu tap nghiém
Xap Xi Pareto, ciing nhu tap nghiém chinh xac cua
bai toan cén bang vecto trong thoi gian téi. Ham
vecto dugc xét di tir khong gian métric ¢t vao khong
gian Hausdorff 16i dia phuong dugc trang bi thir tu
boi mot nén 16i dong co dinh. Cac hé qua trong
nhiéu trudng hop cu thé duoc dua ra dé so sanh véi
céc két qua nghién ciru gan day vé van dé nay.

2. KIEN THUC CHUAN BI

Trong bai bao nay, néu khong cé gi dac biét,
chung ta ludn gia thiét (X, d) 1a khong gian métric
du va Y 1a khong gian vecto topd Hausdorff 16i dia
phwong duoc sap thir tu boi non K 16i dong co dinh.
Ta ky hiéu R 1a khong gian thuc va N 1a tap so tu
nhién.

Trudc tién, ching ta nhic lai cac dinh nghia vé
tinh ntra lién tuc cua ham thyc v6 hudng.

DPinh nghia 2.1 (Aubin & Ekeland, 1984) Cho
f:X — R 1a ham thyc v6 hudng. Khi do ta co,

— Ham f duoc goi 12 nira lién tuc dudi (viét tit
1a Isc) tai X néu

fx) < li)rgigff(x).

— Ham f duoc goi 1a nua lién tuc dudi tung
phan (viét tat la plsc) tai X néu véi moi day {x,,} hoi
tu dén x sao cho véi moi n €N, f(x,41) < f(xy)
thi

() <k f(xp),Vn € N.

Ta noi rang f thoa man mot tinh chit nao d6 trén
tp A < X néu f théa man tinh chat d6 tai moi diém
cua A. Néu A = X thi ta b qua cum tir “trén X”
trong cach phat biéu.

Khai niém nira lién tyc dudi ting phan 1a khai
niém thuc sy giam nhe cua khai niém nira lién tuc
dudi.

Vi du 2.1. Cho ham thyc f : X = R, dugc dinh
nghia bai:
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X

e*, khix<0.
flx) =12, khix =0.
x + 3, khix > 0.

khi d6 dé dang kiém tra duoc f 1a plsc tai x = 0
nhung khong Isc tai x = 0.

Dudi day la cac dac trung co ban cua mot ham
ntra lién tuc dudi.

Ménh dé 2.1 (Aubin & Ekeland, 1984) Cho X 1a
khong gian metric va ham thyc f : X — R. Khi do
cac khang dinh sau la twvong duong:

— Ham f 12 ham ntra lién tuc dudi trén X;

— Tap trén d6 thi epif ={(x,a) € X x
R| f(x) < a} 1a tap dong trong X X R;

— Tapmucdudileve, f={x € X | f(x) < a}
la tap doéng trong X véi moi a € R.

M& rong cho tinh nua lién tuc dudi cho ham

vecto dugc dua ra dudi day

Pinh nghia 2.2 (Borwein et al., 1984) Cho
f:X > Y. Khi do,

(D)f dugc goi 1a K-nura lién tuc dudi ( K-Isc) tai
% néu vai bat ky 1an can V cua 0 trong Y, ton tai mot
lan can U cua X sao cho f(x) € f(x)+V +
K, Vx € U.

(ii)f duoc goi la gia K-ntra lién tuc dudi ( qK-

Isc) tai x néu véi bat ky e € Y voi e & f (%) +

K, ton tai mot lan can U cua x sao cho e ¢

fx)+K, vx e U.

Ménh dé 2.2 (Borwein et al., 1984) Cho f: X —

Khi do:

f is gK-lsc néu va chi néu tap mic {x €
X:f(x) <ge} déng  voi moi e€ey.
(i) Neu f la K-Isc tai x, thi f 1a_gK-Isc tai x.
Vi du 2.2 (Ménh d& do ciia Ménh d& 2.2(ii) khong
ding) Cho X = R, Y = R%,K = R?, va

{(x, 1)} ifx<0,

1o = {(20)} if x> 0.

Khi d6, f 1a qR2-Isc nhung khong R2-Isc tai
x = 0.
Pinh nghia 2.3 (Khanh & Quy, 2010) Cho f: X —
Y vaxeX. Khi do, f duoc goi 1%1 K-ntra lién tuc
dudi tung phan (K-lIsca) tai X néu, véi mdi diy
{x,} - xthéa f (x41) <k f(xn) Vi moi n, ching
tacod
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f@) <k f(xn), Vn

Ménh dé 2.3 (Khanh & Quy, 2010) Cho f: X —
Y va X € X. Khi d6, néu f 1a gK-Isc tai %, thi f 1a
K-lsca tai x.

Dudi ddy, ching ta nhic lai cac khai niém vé
tinh bi chan ctia mot tap boi non thir ty K.

DPinh nghia 2.3 (Gopfert et al., 2003) Cho tap
A c Y. Khi do,

— Tap A duoc goi 1a bi chan néu vai moi U 1a
lan can mo chira 0y, ton tai so thuc du 16nh a sao cho
ACal.

— Tap A 1a duoc goi 12 bi chin duéi néu ton tai
y€eYsaochosaochoA Sy +K.

— Tap A la duoc goi 1a tya bi chan dudi néu ton
taimottap bichan M C Y saochoA S M + K.

— Tap A ladwoc goi 13 bi chan duéi yéu néu ton
taiy € Ysaochosaocho An (y — K) = 9.

Tu Dinh nghia 2.3, ta c6 tinh bi chan dudi thi suy
ra tinh tya bi chan dudi, tinh tya bi chan dudi thi suy
ra tinh bi chan dudi yéu. Tuy nhién, chiéu nguoc lai
thi khong dlng.

Vidu 2.3. Cho Y = R?,K = {(k,0) € R?|k >
0}, khi d6 tap A = {(0,a) € R?|0 < a < 1} la tya
bi chan duéi nhung khong bi chan dudi.

Vi du 2.4. Trong truong hop Y = R%, K = R3,
khi do tap A = {(a,0) € R?|a € R} Ia bj chan dudi
yéu nhung khéng bi chan dudi va tya bi chan dudi.

Phan con lai caa muc nay la dinh nghia quan
hé hai ngdi trén X c6 tinh chat dong dudi va Bo dé
ton tai phan to toi tiéu cta quan hé hai ngéi dugc
dua ra boi Khanh and Quy (2010).

Pinh nghia 2.4 (Khanh & Quy, 2010) Cho R 1a mot
quan hé hai ngdi trén X c6 tinh phan xa va bac cau.
Khi dé:

— Day {x,} S X goi la ddy giam (ng v6i quan
hé R neu x,, 41 Rx,,, voi moi n € N.

— Diy {x,} S X goi la diy tiém can néu

lim d(x,, xp41) = 0.
n—-oo

— Quan h¢ R dugc goi 1a c6 tinh dong dudi néu
vGi moi ddy giam {x,,} hoi tu dén X thi XRx,, vai
moin € N.

— Tap muac dudi cua x &tng véi quan hé R dugc
ky hiéu la Si;(x), dinh nghia bai
Sp(x) == {x' € X|x'Rx}.
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Bo6 dé 2.1 (Khanh & Quy, 2010) Cho R 1a mot
quan hé phan xa béc cau trén X c6 tinh dong dudi.
V6i x, € X, néu moi day giam {x,,} S Sx(x,) déu
la diy tiém can thi ton tai ¥ € Sy(x,) sao cho
Sy (x) = {x}.

3. NGUYEN LY BIEN PHAN EKELAND

Trong phan nay, két qua mé rong cua EVP cho
ham hai bién véi truong hop nhiéu tap dugc dua ra.

Pinh 1y 3.1 Cho (X, d) 1a khong gian métric du,
Y 1a khong gian vecto topd Hausdorff 16i dia phuwong
dugc sip tha tu bai non K 16i dong co dinh va D 1a
tap con 16i cua non K thoa 0 & cI(D + K). Cho
f:X x X - Y 1a ham hai bién. Ta dinh nghia quan
hé <p trén X boi

Xy <p x1 © f(x1,%) +d(xy,%,)D € —K.

V6i x, € X, gia st cac diéu didu kién dudi day
thoa man:

- f(x,x) =0, Vv6imoix € X;

- [z <k fxy)+f(y,z) véi  moi
Vx,y,z € Xthoa f(x,y) <k Oy va f(y,z) <k Oy;

— f(x0,S<,(%0)) la twa bi chan dudi ;

— Quan h¢ <p c6 tinh déng dudi.
Khi dé, ton tai % € X sao cho

- f(XOﬁf) + d(XOﬁf)D c _K1

- f(x,x)+d(x,x)D ¢ —K,Vx # X.

Chirng minh

Trudce tiéq, dwa vao tinh 16i cua D, ching ta
ching minh dang thuc sau, véi moi x,y, z € X thi

d(x,y)D + d(y,z)D = (d(x,y) + d(y,z))D.

That vay, ldy a € (d(x,y) + d(y,z))D. Khi d6,
ton tai d € D sao cho a = (d(x,y) + d(y,2))d =
d(x,y)d +d(y,z)d € d(x,y)D + d(y,z)D. Do
do,
(d(x,y)d + d(y,z)d")D c d(x,y)D + d(y, z)D.

Nguoc lai, 1y a € d(x,y)D + d(y,z)D. Khi
do, ton tai d,d' € D sao cho a=d(x,y)d+
d(y,z)d'. Néu d(x,y) = 0 hoic d(y,z) = 0, ta d&
dang thiy a € (d(x, y) +d(y, Z))D. Néud(x,y) #
0 va d(y,z) # 0 thi, bi tinh 16i cua D, ta c6

d(x,y) d(y;Z) ’
e+ T amn ramn® €

T d6 kéo theo, a =d(x,y)d +d(y,z)d’ €
(d(x, v) +d(y, Z))D. Do do,
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d(x,y)D +d(y,z)D c (d(x, y) +d(y, z))D.

Vay ding thire duoc chiing minh xong.

Tiép tuc, ta s& kiém tra quan hé <, c6 tinh phan
Xa va bic cau. Tur (i) va d(x,x) =0 nén ta c6
x <p x V&i moi x € X, tixc 1a quan hé <j c6 tinh
phan xa. Bay gio, gia st x <p y va y <p z. Theo
dinh nghia ctia quan hé <p, ta c6

fQ,y)+d(x,y)D c =K,

f(v,z) +d(y,z)D c —K.
Tu do, kéo theo f(x,y)<g0, va
f(,z) <k 0Oy.Dodo, két hop vai diéu klen (ii), bat
dang thirc tam giac ctia métric d(., ) va dang thirc

vira chiing minh trén dya vao tinh 16i cua tap D, ta
duoc danh gia sau:

f(x,z) +d(x,z)D

c(fey) +fB.2)+(dy) +d(y,2))D — K
c (f(x,Y) + d(x'Y))D + (f(y'z) +d(y'Z)D) -K
c —K.

Suy rax <p, z. Vay quan hé <, ¢6 tinh bac cau.

Dé ap dung B6 dé 2.1, ta can kiém tra thém diéu
kién moi day giam {x,,} < Sp(x,) theo quan hé <,
déu 1a day tiém can.

Trudc hét, nhan xét rang, vi 0 ¢ cl(D + K), theo
Dinh 1y tach, ton tai z* € Y* \ {0} sao cho z*(d) +

z*(k)>0 v6i moi deD,keK. Suy ra,
infyepz*(d) > 0vaz*(k) = 0vsimoi k €K.

Véi {x,,} 1a day giam va dinh nghia quan hé <,
ta co,

f e xpg1) + d(xy, xpe1)D € —K,¥n € N.
Dua vao tinh bic ciu cua quan hé <p, kéo theo
Xn <p Xg, tuc 1a,
f(xp, xp) + d(x9,x,)D € —K,¥n € N.

Do d6, f(xp, xn41) <k Oy va f(xq, x,) <k Oy.
Két hop vai diéu kién (11) ta co:

f (o, %n41) — f (X0, %n) <k f(Xn, Xn41)
Suyra,,vVn €N,
f o, xn41) — f (%0, %5) + d (3, X 11)D
C f(xn Xn41) + d(xp, Xp41)D — K S =K.
Vi f(xp, Xn41) € —K, nén

124

Tdp 58, S6 chuyén dé: Khoa hoc tr nhién (2022)(1): 121-128

f(xo, Xn41) <k f(x0, 27).

Suy ra {z*(f(xo,x,))} 1a day giam. Bi (iii),
nén {z*(f (xo, x,))} bi chan dusi. Do d9, ta c6 day
{z" (f (xo, %))} 6 tu.

Khi do, ta c6

0= d(xn' xn+1)gggz (d)

< Z*(f(xo,xn)) - Z*(f(xo' xn+1)) - 0.

Vi infzepz*(d) > 0, nén {d(x,, xp41)} = 0,
tire 1a {x,, } 1a day tiém can.

Ap dung B dé 2.1, ton tai ¥ € Sp(x,) Sao
cho S, (%) = {x}. Do d6 (a) va (b) dung. m

Nhan xét 3.1 Trong Dinh Iy 3.1, ta c6 thé giam
nhe diéu kién (iii) boi diéu Kién (iii’) duoi day
(iii*) £ (%o, S<,,, (%)) 12 bi chain dusi yéu.

Thét vy, ta ching minh twong tw nhu trong
chimg minh Dinh ly 3.1, trong do6 ta chi can thay
ham tuyén tinh z* bang ham dudi tuyén tinh
¢p:Y = R U {+00}, duogc dinh nghia bai

pp(W):=inf{t € R:v € tD — K}.

bay 1a mot dang téng quat cua ham dudi tuyén
tinh Gerstewitz dugc dé xuat boi Qiu and He (2020).

Bén canh do, ta cling c6 thé giam nhe diéu kién
(iii) va (iii’) boi cac diéu kién bi chan duéi boi ham
ham tuyén tinh z* hoic bang ham dudi tuyén tinh
@p. Tuy nhién, viéc str dung cac diéu kién bi chan
dudi cho ham f s& dé dang kiém tra hon so véi céc
diéu kién bi chan dudi béi ham z* va @p.

Dudi day 1a mot s6 diéu kién di cho phép chung
ta kiém tra tinh dong duéi ciia quan hé <.

Ménh dé3.2Cho X, Y, K, D va f thoa (i)-(ii) nhu
trong Dinh ly 3.1. Khi d6 quan hé <, ¢6 tinh chat
dong dudi néu mot trong cac diéu Kién dudi day thoa
man.

(i) S<, (x) 1a tap dong v6i moi x € X.

(i) f co tinh chét, v6i moi diy {x,} » ¥ ma

f(xn, Xne1) € —K v6i moi n €N, thi f(x,,x) €
—-K.

Chitng minh
(i) Hién nhién.

(i) LAy x,,1 <p x, VOi moin € N va x,, » %. CH
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dinh n. Khi do, vdi i € N du lon, bai tinh 1ién tuc
cua d(x,,.), ton tai Q(i) € N sao cho, Vg > Q(i),

1
d(xp, xn+q) > d(x,, %) — 7
Suy ra,

1
f(xn; xn+q) + (d(xn: JZ) - 7) D
c f(xn,xn+q) + d(xn, xn+q)D -K
Vi Xpyq <k, Xn, kéo theo

F(Xn Xnaq) + (d(xn, %) — %)D c-K. (1)

Boi (ii),
[l %) <k f(xn, xn+q) + f(xn+q'f)

Theo gia thiét, véi f(x,, Xp4q1) € —K, VSi Moi

n € Nva {x,} - x, kéo theo f(xn+q,f) € —K. Do
do,

f(xn: f) SK f(xn: xn+q)

(2)
Tir (1) va (2), ta ¢6

f(xn, %) + (d(xn,f) - %) D<—-K

Cho i - oo, chung ta thu duoc
f e, %) + d(x,, X)D € —K,

tire 1a, ¥ <p x, véi moin € N.

Tir Dinh 1y 3.1, Ménh dé 3.2, ta dé dang suy ra
cac h¢ qua dudi day.

Hé qua 3.3 Cho (X, d) 1a khong gian métric du,
Y 1a khong gian vecto topd Hausdorff 16i dia phuwong
duogc sip tha tu bai non K 16i dong co dinh va D 1a
tap con 16i cia non K thoa 0 ¢ cI(D + K). Cho
f:X XX —Y la ham hai bién. Véi cic sé thuc
dwong € va A cho trudc, gia s cac didu diéu kién
dudi day thoa man:

(D)f (x,x) = 0y v6i moi x € X.
(D f(x,z) <k fO,y) + f(y,z2) véimoi x, y, z.

(i) f (x, S<, (x)) 1a tya bi chdn dudi véi moi
x € X.

(iv) Tap {x’ € X|f(x,x") +§d(x,x’)D c —K}
la dong véi moi x € X.

Khi d6, véi mdi x, € X, ton tai ¥ € X sao cho
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a. f(x,%) + %d(xo;f)D C —K.
b. f(x x)+ id(f, x)D ¢ —K,Vx # X.

Hon nita, néu x, 1a diém eD-xap xi cuc tiéu cua
ham f (tc 1a f(xq, x) + €D & —K véi moi x € X),
thi X duoc chon thoa danh gia d(xy, X) < A.

Chitng minh

Dua vao Ménh dé 3.2(a) va Pinh Iy 3.1 v6i
métric d(.,.) duoc thay thé bang métric %d(.,.),
ton tai ¥ € X thoa (a) va (b).

Chung ta tiép tuc kiém tra d(xo, X) < A. Gia sir
d(xg, %) > A. Vay tu (a), ta cod

f(xo, %) + €D © f(x, %) + 5 d(xo, ©)D & K.

Diéu nay mau thudn véi diéu kién x, 1a diém
eD-xap xi cyc tieu cliaham f. =

Nhan xét 3.2 H¢ qua 3.3 1a m¢ rong ctia Dinh 1y
2.1 trong Araya et al. (2008) va Dinh 1y 4.1 trong
Gutiérrez et al. (2017) trong truong hop nhiéu tap.

Hé¢ qua 3.4 Cho (X, d) 1a khong gian métric du,
Y 1a khong gian vecto topd Hausdorff16i dia phuong
duogc sip tha tu bai non K 16i dong co dinh va D 1a
tap con 16i cia non K thoa 0 ¢ cI(D + K). Cho
g: X — Y laham K-lIsca va tya bi chan dudi. Khi do,
Vv6i moi s6 thue duong € va A, véi mdi x, € X, ton
tai ¥ € X sao cho

a.g(x,) € g(X) +>d(xo, ©)D + K.
b. g(®) & g(x) +%d(9?,x)D + K, Vx % %

Hon nita, néu x, 1a diém eD-xap xi cuc tiéu cua
ham g (tac 12 g(x,) € g(x) + eD + K véi moi x €
X), thi ¥ duoc chon théa danh gia d(x,, X) < A.

Chirng minh

Pit f(x,y) = g(¥) — g(x). Dé thay f thoa man
()-(ii). Tur tinh tya bi chén duéi cua ham g nén suy
ra 7(iii) théa. Bé ap dung Pinh 1y 3.1, ta chi can phai
kiém tra quan hé <j, c6 tinh dong du:éi. That vay, vi
g 1a ham K-lsca nén f c6 tinh chat, véi moi day
{xn} - x ma f(xp, xp41) € =K V6i moi n € N, thi
f(x,, %) € —K. Do d6 theo Ménh de 3.2(ii) ta c6
quan hé <, c6 tinh doéng dudi.

Ap dung Pinh Iy 3.1 v&i métric d(.,.) duoc thay

thé bang métric id(.,.), ton tai ¥ € X thoa (a) va

(b).
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Chung ta tiép tuc kiém tra d(xy, X) < A. Gia sir

d(xg, %) > A. Vay tu (a), ta ¢
£
g(xo) € g(x) + id(xo,i)D +K
cgx) +eD +K.

Diéu nay mau thuin véi diéu kién x, 1a diém
eD-xap xi cyc tiecu chtahamg. m

Nhén xét 3.3 H¢ qua 3.4 1a m¢ rong ctia Dinh 1y
4.1 va Dinh ly 5.1 trong Bednarczuk and Zagrodny
(2009). biéu d6 duogc chi ra trong vi du dudi day.

Vidu31ChoX=Y =R, K =[0,+), D =
[1,4), xo =0, e=2, 1 =2,va

e X ifx %0,

- 1
9() 1+2 ifx=0.

Khi d6, g 1a K-Isca, D 1a tap khong bi chan,
khong dong va cling khong c6 tinh semi-completed
(xem dinh nghia trong Bednarczuk and Zagrodny
(2009)). Suy ra, Pinh 1y 4.1 va Dinh 1y 5.1 cua
Bednarczuk and Zagrodny (2009) khong thé ap
dung dugc. Tuy nhién, trong trudng hgp nay cac gia
thiét cua Hé qua 3.4 déu thoa man. Tinh toan truc
tiép, ta c6 voi moi x € [—1,1] \ {0} déu la cac diém
thoa yéu cau.

Vi du dudi day chi ra sy thuan lgi DPinh 1y 3.1 va

Hé qua 3.3 so véi Hé qua 3.4 trong viéc ap dung.

Vidu3.2ChoX =[0,1], ¥ = R, K = [0, +),
D={1}, xg=1,e=1,2=1 va f(x,y)=
2022(y — x) + xy + 3. Khi do, f(x,y) khong thé
viét lai dudi dang g(y) — g(x). Do d6, Hé qua 3.4,
cling nhu Pinh 1y 4.1 va Pinh 1y 5.1 ctia Bednarczuk
and Zagrodny (2009) khong thé ap dung dugc. Tuy
nhién trong truong hop nay, cac gia thiét caa Dinh
ly 3.1 va Hé qua 3.3 déu thoa mén. Tinh toan truc
tiép, ta co ¥ = 0 1a diém thoa yéu cau.

Trong truong hop dac biét D = {k.}, véi k, €
K\{0}. Khi d6 quan h¢ <j duoc viét lai thanh quan
h¢ <y, nhu dudi day:

Xy Sk, X1 © f(x1, %) + d(xq, x3) ko <g Oy.
Dudi day 1a mot s6 diéu kién di cho phép ching
ta kiém tra tinh dong dudi cua quan hg <, .

Ménh dé& 3.5 Cho X,Y, K va f théa (i)-(ii) nhu
trong Dinh 1y 3.1. Khi d6 quan h¢ <, c6 tinh chat
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dong dudi néu mot trong cac diéu kién dudi day thoa
man.

(i)Ssk0 (x) 1a tap dong véi moi x € X.
(i) f co6 tinh chat, voi moi day {x,} —» ¥ ma

f(n xne1) € —K v6i moi n €N, thi f(x,,x) €
—-K.

(iii) Néu £ (x,.) 1a K-Isca véi mdi x € X thi quan
hé <, ¢6 tinh dong dudi.
0
Chirng minh

Nhan xét, (i) va (i) 1a hé qua truc tiép caa Ménh
dé 3.2. Ta chi can chung minh (iii). Ly day giam
{x,} € X hoitudén x. Tachtng minh x <, xy, véi
moi n € N. That vay, ¢é dinh n. Béi tinh nira lién
tuc cia d(x,,,.), khidé véimdii € N, tdn tai Q(i) €
N sao cho, Vg = Q(i),

d(xn,xn+q) >d(x,, %) — %

Bét ddng thirc trén két hop Vi x4 <k, X, kéo
theo, Vn € N,

1
f(xnv xn+q) + (d(xnr xX) — 7) ky
<k f(xn,xn+q) + d(xn,xn+q)k0 <k Oy.

Cho g = 4+, Vi f(x,,.) 1a K-lsca, ta c6
fGn ®) + (0, %) — Dk < Oy.

Tiép tuc cho i — 400, dya vao tinh dong ctia non
K,suyra
f(xn, %) + d(xy, Xk <g Oy.

Véyf Sko Xp- |

T Dinh 1y 3.1, ta ¢6 hé qua tryuc tiép dudi day.

H¢ qua 3.6 Cho (X, d) la khong gian métric du,
Y 1a khong gian vecto topd Hausdorff 16i dia phuwong
dugc sap thir ty boi nén K 16i dong co dinh va k, €
K\{0}. Cho f:X x X > Y la ham vecto. Vi mdi
Xo € X, gia sir cac diéu diéu kién dudi day thoa mén:
H)f(x,x) = 0y voimoi x € X.

(iD)f(x,2) < f(x,y) + f(y,2)

x,y,Z€X.
(i) f (xo, Ssk0 (x0)) la tya bi chan dudi.

voi  moi

Quan h¢ <, c6 tinh dong dudi.
Khi dé, ton tai X € Sey, (o) 520 Cho
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fl,x) +d(x,x)kg £k Oy, VX # X.

Nhén xét 3.3. Hé qua 3.6 trung v6i Dinh 1y 3.1
trong Quy va ctv. (2018) va m¢o rong hon Pinh ly
4.1 trong Guti¢rrez et al. (2017) vi tinh dong du(’;i
cua quan hé <, la gid thiet gid nhe cua gia thiet
Ssk0 (x) 1a tap dong véi moi x € X.

Viéc sir dung EVP nhiéu tap c6 nhiéu thuan loi
hon so véi mé hinh EVP nhiéu theo mot hudng ¢o
dir}h trong non tht ty. Cac vi du dudi day sé cho
thay 16 diéu nay

Vidu33ChoX =R, Y =R?,

K =Rz :={(a; ) ER?*:a > 0,b = 0},

D ={(a;b) ER?:
Xétx,=0,e=1,1=1,va

fG,y) = (0;0).

Khi d6, D khong thé viét dudi dang k, + K voi
0 # ky € K nén Hé qua 3.6, Binh 1y 3.1 trong Quy
va ctv. (2018), Binh 1y 2.1 trong Araya et al. (2008)
va Dinh 1y 4.1 trong Gutiérrez et al. (2017) khong
ap dung duoc. Trong truong hop nay, moi gia thiét
cia Dinh 1y 3.1 va Hé qua 3.2 déu thoa méan. Tinh
toan tryuc tiép, ta c6 ¥ = 0 1a diém thoa yéu cau.

Vidu3.4ChoX =R%,Y = R% K = R?,
D={(a,b) ER*:a+hb<1,a=0,b=0)}

a+b=>1a=0,b=0}

d((al: a,), (by, bz)) = \/(bl —a;)? + (b — a;)?,
Xét ham
flo,y)=y—x
Tinh toén truc tiép ta co,

U, = {x € X: f(%,x) + d(X,x)ko £ Oy, VX

* X}
[0, +0) x {0} , ko € {0} x (0,1]
_ {0} X [0! +°O) > k() € (0!1] X {0}
[0,+) x {0} U {0} X [0,+) , Kk, € (0,1] x (0,1]
R2 ,trudng hop con lai
Suy ra,

Jim U,

[0, +0) x {0} , ko € {0} X (0, +00),
— { , ko € (0, +) x {0},

, truong hop con lai

{0} x [0, +)
[0, +0) X {0} U {0} X [0, +0)
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Nhan thay rang, véi bat ky huéng k, € K \ {0},
tap lim,_, o+ Ug, khong compact nén s& khong tot
cho viéc wéc lwong tap nghiém tdi wu. Trong khi dé,

Up={xeX:f(x,x)+d(x,x)D ¢ —K,Vx # X}

={(0,00},

day ciing chinh 1a tdp nghiém chinh x4ac ctia bai
todn can bang,

S={xeX:f(x,x) & —K,vx # x} ={(0,0)}.

T Pinh 1y 3.1 va Ménh dé 3.2(iii), ta c6 két qua
Sau.

Hé qua 3.7 Cho (X, d) 1a khong gian métric du,
Y la khong gian vecto top6 Hausdorff 16i dia phuong
dugc sap thi ty boi non K 161 dong co dinh va kg €
K\{0}. Cho f: X X X — Y 1a ham vecto. Gia su cdc
diéu diéu Kién dudi day thoa mén:

(D)f (x,x) = 0y v6i moi x € X.

(ll)f(X,Z) SK f(x'Y) +f(y'z)

x,y,z € X.
(iid) f (x,.) la tga bi chan dudi.

(iv)f(x,.) 1a K-lsca voi mdi x € X.

vGoi - moi

Khi d6, véi mi x, € X, véi cac sb thuc duong &
va A cho trudc, tontai X € X sao cho

a. f(xq, %) +§d(xo,f)k0 <k Oy.
&
b. f(f,x) +Ed(f,x)k0 $K Oy,vx i f.

Hon nita, néu x, 1a diém ek,-x4p xi cuc tiéu cua
hélm f (tﬁc ]é. f(xO, x) + Sko $K Oy le mOl X €
X), thi ¥ dugc chon thoa danh gia d(x,, ¥) < A.

Nhan xét 3.4. Hé qua 3.7 1a téng quat ciia Binh
ly 2.1 trong Bianchi et al. (2005) va Pinh 1y 1 trong
Bianchi et al. (2007).

4. KET LUAN

Trong bai bao nay, dang mé rong cua EVP cho
ham hai bién vé6i nhiéu tap duoc dua ra. Két qua
nghién ctru d& mang lai tinh méi va khac biét so voi
cac md hinh trudc day. Cac cong cu, ky thuat va
cach tiép can dugc dé xuét c6 nhidu kha ning ap
dung duoc cho mé hinh da tri hai bién véi nhidu tap.

Céc md hinh Ekeland cho ham hai bién duoc xay
dung s& 1a co s& cho phép nghién ctru ton tai nghiém
cho bai toan cin bang vecto va da tri ma khong can
sir dung cac gia thiét vé tinh 16i cuia ham muyc tiéu va
tap rang bugc.
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