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ABSTRACT

The aim of this paper is to study the model of diffusion process in one
dimension. The method of moments is used, as in Depauw and
Derrien(2009) and Lam (2014) to prove that this process converges in
probability to a constant (Theorem 1.1). More precisely, with L be the
corresponding infinitesimal generator of the previous process and a
given function f, we solve the Poisson’s equation Lg = f and then treat
the limits of its solutions, the law of large number is instantly given by
the convergence of the moment.

TOM TAT

Muc tiéu chinh ciia bai bdo la nghién ciru mé hinh qud trinh khuéch tan
trong mét chiéu. Phirong phdp moment duwroc siv dung nhu trong cdc bai
bao Depauw and Derrien (2009) va Lam (2014) @é chiing minh sy héi
tu theo xdc sudt dén mgt hang sé Ciia qud trinh dang xét (Pinh 1y 1.1).

Chi tiét hon, véi L 1a todn tir cuc Vi ciia qud trinh da cho va ham f
cho trueéc, bang cdach gidi phwong trinh Poisson Lg=f roi sau dé tim
gidi han lién quan dén nghiém ciia né, mét dang cua ludt so lon sé duroc
cho béi su héi tu ciia cac moment.

1. GIOI THIEU va f 1a ham do dugc trén khong gian trang thai
Xét mot qua trinh khuéch tn (X,)ov6i didu ,
kién ban dau X, = 0 va toan tir cyc vi L dugc xac Qua trinh khuéch tan trén thda man phuong trinh
dinh boi vi phan ngau nhién
LF(K) = 2Ab(x) + b'(x) dX; = 0(X,)dB; + u(Xy)dt (1.2)
2a(x) trong d6 (B;)¢so 12 chuyén dong Brown, cac hé
b( ) $0
R VORI CEY
2 — ! —
trong do o%(x) =b(x)/alx) va pulx)=[24b(x)+

a,b: R - (0; +o0) lién tuc

b":R — R lién tuc
A: hang s

b'(x)]/2a(x).
Muc tiéu ciia bai bao 1a nghién ctru phan phdi
gigi han cua X, khit - oo,
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Mb hinh qué trinh khuéch tan 12 mot qué trinh
ngau nhién c6 nhidu wng dung trong thuc té. Pac
biét trong vat 1y dong luc hoc, no 1a sy “di chuyén”
ngdu nhién cia Mot chat diém trén day dan dong
chat.

Truong hgp 4 = 0 thi mot dang ctia dinh 1y gidi
han trung tam da dugc (Lam Hoang Chuong va ctv.,
2019) chi ra, d6 1a néu lima(x)=a>0,

X—00

lim b(x) = B < +oo thi
X—00

X,

Vt

theo phéan phdi.

t—-+o0

—— N8/

Trong pham vi bai bao nay, mé hinh ctiia mot
qua trinh khuéch tan (Xt)tzo duoc xét trén khong
gian trang thai R c6 diéu kién ban dau X, =0 va
hang s6 A > 0. Khi d6, qué trinh da cho s& hoi tu
theo xac suat dén gia tri phu thudc vao A khi thoi
gian T du I6n. Binh 1y d6 dwoc phat biéu nhu sau:

Pinh 1y 1.1 Gia st lim a(x) = a, lim b(x) =
X—00 X—00
2B

a

t—>+o0

BVa0<af <+oo thi 2t

theo xac suat.

Vén d& nay ciing di dugc dé cap trong bai bao
(Papanicolaou and Varadhan, 1982) trong truong
hop nhiéu chiéu duoc ching minh thong qua phan
tich Martingale va v6i diéu kién cac ham a(x) va
b(x) bi chan nghiém ngit, tirc 13 ton tai cac hang sb
C va D sao cho 0<C <a(x),b(x) <D < oo,
Trong bai béo nay chi can diéu kién it hon cho cac
ham trén 1a a(x) > 0 va b(x) < co. Hon nita, Viéc
ching minh Dinh 1y 1.1 dwoc tién hanh thong qua
viéc su dung phuong phap moment.

2. PHUONG PHAP NGHIEN CUU

Phuong phap moment lan dau dugc gidi thiéu
boi Pafnuty Chebyshev trong viéc nghién ctru phan
phdi gigi han cta day cac bién ngau nhién. Piém dac
biét trong phuong phap nay 1a viéc tim gigi han cia
moment bac £ = 1,2, ... va chitng minh sy hoi tu ctia
n6 dén moment cing bac cua bién ngau nhién gidi
han. Dé tim hiéu sau hon vé phuong phap nay ban
doc c6 thé tham khao thém & tai liéu (Billingsley,
1995). B6 dé 2.1 dudi day 1a mot hé qua cuaa dinh 1y
30.2 trong tai li€u trén.

Bb dé 2.1 Cho (Z,);» 1a2 mot qua trinh ngiu
nhién. Néu céac gidi han Jim E{z{} = A? véi moi
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£ = 1,2 duoc thoa thi Z, hoi tu dén A theo xéc suat
khi t = 4oo.

Chuing minh. Ap dung bét ding thirc Chebyshev,
vGi moi € > 0, khi do
P{lZ, — A| > &} = P{(Z, — A)? > &%}
_ 2
< E{(Z; — A)*}
S—07
E{Z? — 247, + A%}

_ E{Z}} — 2AE{Z,} + A?
= -

t—oo
—0.0

~ Trong phén tiép theo B6 dé 2.1 s& duoc 4p dung
dé chimg minh Dinh 1y 1.1

Zo=X/tvaa="L

Ngoai ra mot s6 bd d¢ lién quan dén giai tich sau
day cling rat hiru ich trong viéc xéac dinh gi6i han
cua cac ham so:

B dé 2.2 (Phuong trinh Poisson) Cho trudc ham
s0 ¥: R — R thi ton tai ham ¢: R — R sao cho

{Lqﬁzzp

$(0) = 0. @1

Bo dé 2.3 Cho f(x), g(x) la ham duong, lién
tuc van € N. Gia s

o1
lim —
x—-+00 X

ff(t)dt =@, lim g0 =7
0

Néu @ va ¥ hitu han thi
X

[ err©gdc -

0

uv
n+1

2.2)

lim
X—>+o0 xN+1

Céc bo dé 2.2 va 2.3 da dugc chimg minh trong
(Chuong va ctv, 2019).

3. KET QUA THUC HIEN

Trong phan nay ta s& ching minh dinh 1y 2.1
thong qua bd dé 2.1. Khi d6 ta can tim gidi han cua
moment béc 1 va bac 2 cua day bién ngiu nhién X, /t
khi t tién ra vo cung. Y tuong chu dao trong phan
chirg minh nay 1a giai phuong trinh Poisson twong
{rng Vi toan tir cyc vi L dé tim nghiém ctia nd. Sau
d6 sir dung tich phan Ito va mot s6 wdc lugng ky
vong cua bién ngau nhién dé dwa dén két qua mong
mudn.
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Ménh dé 3.1 Véi qua trinh khuéch tan da cho

Chizng minh. Xét ham s6 f;, xac dinh trén R, sa0
cho
{Lfl(x) =1
f1(0)=0"

Ap dung B6 dé 2.2 thi nghiém cua phuong trinh
da cho 1a

f1(x)
x 1 v
fesz(v) f ZeZAua(u)du dv, x>0
= 0o -
x<0

1
- f GZTb(‘U) J Zez’ma(u)du dU,

X

Khi d6 gidi han sau ludn thoa

. i) _a
va hon nira
E{iX)}=t, Vvt=0(3.2)

véi mdik > 1.
Chitng minh (3.1). Xét truong hop x = 0. Doi
bién t = v — u, ta dugc
X

400
1
fG) = erM—b(U)I 2e2Av=Dq(y — t)dt dv
0

0

X 1 +00

_ —2At (s _

_jb(v)j 2e “Ma(v — t)dt dv.
0 0

Dit ham sb
+oo0
h(v) = f 2e Mg(v — t)dt
0
va két hop vei gia thiét )11_{1; a(x) = a ta duoc
+o0
j Ze'ZAtllrga(v —t)dt
0

lim h(v) =

v—>00

+00

a
= 2 _Z'Rdt =—
OfJ- e 1

0
theo dinh 1y hoi tu bi chan. Tir d6 dan dén
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_ 1 xh(v) o«
Talex) b T B
0

. filx)
lim
X—00 X
theo bd dé 2.3 két hop véi gia thiét lim b(x) =
X—00
B. Ta dat giGi han trén 1a T(1) = a/Ap.

Truong hop x < 0, twong ty nhu trén. Nhu vay
(3.1) @& duoc chung minh.

Chizng minh (3.2). Vi f; € C? va qua trinh
X, thoa man phuong trinh vi phan ngau nhién (1.2)
nén theo cong thire Ito thi

dfi(Xy) = fi X)o(X,)dB,
+ A oRa

1"X 2(Xp)|d
5 f (Ko ae

= f{f (X)o(X,)dB, + dt.
T d6

t t
AXD = fi(Xe) + f £ (X))o (X,)dB, + f ds.
0 0

Lay ky vong hai vé ta duoc
E{fi(X)} =t
Nhu vay (3.2) da dugc ching minh.
Khi @b, v6i moi € > 0,3M >0 sao cho
V|x| > M thi

1 _fl(x)

“T@

Phan tich Q= {|X,| < M}uU {|X,| > M}, két
hop cac tinh chat (3.2) va (3.3) ta c¢6 cac udc luong

nhu sau
X, 1 _ X, filX) 1

<e&.

(3.3)

t t T
AGD) 1 |1
SIE{’l— Xt X—T(/l) —t 1{|Xt|>M}
1
+—IE{Xt
t

- fi(Xy) %| 1{|Xt|5M}}'

&

t—+oo

1
X — fi(Xp) m| 1{|Xt|sM}} —0

S6 hang thir nhét c6 chan trén 1a

|X: | |X: |
cE T]‘{|Xt|>M} <¢E T <¢

va s0 hang con lai

1
_[E{
t
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Nhu vay ménh dé 3.1 s& duoc chitng minh néu
nhu E(X,?/t*) bi chan. Diéu d6 s& dugc chi ra trong
ménh dé ke tiép. o

Ménh dé 3.2 Véi qua trinh khuéch tan da cho

im e{(5)}- () -
e\t /) [T\ ) T Ty
Chizng minh. Xét ham s6 khong am f,, xac dinh
trén R, sao cho

{sz(x) = f1(x)
fz(o) =0 °
Ap dung Bb d& 2.2 thi cac nghiém cua phuong
trinh da cho la

f2(x) R

1 v
fesz(v)_f 2¢*Ma(u)f(Wdudv, x20

_ 0
- 0 v

Tuong tu nhu trén thi gidi han sau cling dung

" f2(x) 1ran? T?(A)

e x2 _E(E) 2

va hon nira

E{fZ(Xt)}:% VE=0. (3.4)

Khi d6, v&i moi € > 0,3M > 0 sao cho V|x| >

M thi
x? 2 -

—— | <e
L) T*()

Phan tich Q = {|X.| < M}u {IX,| > M}, , két
hop céc tinh chat (3.4) va (3.5) ta ¢6 cac uéc lugng
nhu sau

()}

(3.5)

X0\ LX) 2
= E{(T) - t2 Tz(/l)}|
X2 2 |G
SIE{fZ(Xt)_TZ(/l) t2 1{IX,:|>M}}
1
+ 5 E{Ix?

— HLXD2T D)1 gx, 0}

S6 hang thir nhét c6 chan trén 1a
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f2(Xe) f2(Xe)
EE{Zt—21{|Xt|>M}}SEIE{2t2 }=§<€

va s0 hang con lai

1

2E|
Nhu vay ménh dé 3.2 da dwoc ching minh. o
4. KET LUAN

Bai bao da ching minh luat s6 16n cho qua trinh
khuéch tan trén khong gian trang thai R thong qua
viéc sir dung phuwong phap moment. Ngoai ra, diém
mau chét trong bai toan nay 1a c6 thé giai duoc
phuong trinh Poisson twong (tng Véi toan tir cuc Vi

L . Phuong phap nay duoc ky vong c6 thé dugc ap
dung cho cac bai toan khac c6 lién quan.
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