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The main aim of this paper is to study the rates of convergence
in distribution of normalized geometric sum to symmetric

Laplace distribution by Trotter operator method. The rates of
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convergence are expressed with two different types of results,
namely “large-O” and “small-o” approximation estimates.

TOM TAT

Bai bao nghién ciru tég do hoi ty cua day téng hinh hoc vé
phan phoi Laplace doi ximg bang phwong phap toan tir
Trotter. T oc do hoi tu dwoc trinh bay trong bai bao nay dudi
dang xap xi "O-lon" va "o-nho".

Trich dan: Trinh Hiru Nghiém va Lé Trudng Giang, 2016. Phuong phap toan tir Trotter cho xap xi Laplace
doi xung. Tap chi Khoa hoc Truong Dai hoc Can Tho. 47a: 120-126.

1 GIOI THIEU

Cho (Q;F;P)la mdt khong gian xac suét,
X-:Q->R 14 mdt bién ngau nhién c6 ham phan phoi
Fy dugc dinh nghia Fy (x)=P(0eQ:X (w)<x), voi
moi xeR . Gia sit N 1a mot bién ngiu nhién hinh

hoc c6 ky vong lVél doc lap voi cac bién ngau
q

nhién X ;(j=1,2,..). Khi do, theo tai li¢u cua

Samuel Kotz(Kotzet al, 2001), tong hinh hoc

N
JaSx,

hoi tu theo phan phdi vé phan phdi Laplace ddi

(1.1)

xtng, voi didu kién cac X i doc lap cung phan
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phdi. Phan phéi Laplace ¢6 nhiéu tmg dung trong
khoa hoc, k¥ thuat va kinh doanh (Kotzet al, 2001).

Bai toan x4p xi phan phdi Laplace da duoc
nhidu hoc gia trén thé giéi quan tdm nhu Akira
Toda, John Pike...Trong s6 d6 phai ké dén 1a két
qua cia John Pike (Pike ef al., 2012). Ong da sir
dung phwong phap rat ndi tiéng, phuong phap
Stein, dé giai quyét bai toan nay. Cung thoi diém
d6, Akira Toda (Toda, 2012) ciing dua ra mot sb
két qua vé xap xi phan phdi laplace. Tuy nhién,
ong da st dung phuong phap khac, phuong phap
st dung ham déc trung, dé chung minh cac Kkét qua
cua minh.

Muc tiéu chinh ciia bai viét nay la sir dung
phuong phap toan tir Trotter dé danh gia toc do hoi
tu cua tong hinh hoc (1.1) v& bién ngdu nhién co
phan phdi Laplace dang dbi ximg. Phuong phap
toan tir Trotter da dugc Trotter xay dung nam 1959
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dé chimg minh dinh 1i giéi han trung tam (CLT)
(khong dénh gia toc do hoi tu) (Trotter, 1959).
Néam 1975, Butzer da st dung phuong phap nay
danh gia toc do hoi tu trong dinh li gi6i han trung
tdm. Sau do, 6ng danh gia toc d6 hoi tu cho dinh li
gi6i han tong quat, ma phan phdi giéi han 1a phan
phdi cta bién ngu nhién Z ¢ -phan tich duoc,
0 do, p(n)—0khi

n
o(n) Y Xj L)Z, n—»o0,

Jj=1

n—o, va Z=¢(n) § zj, voi Z; 1a cac bién ngau
j=1

nhién doc lap va cung phan phdi (Butzeret al,
1978) va ap dung cho dinh 1i gidi han trung tam,
luat gioi han 6n dinh va luat yéu sb 1on (Butzeret
al., 1975, Butzeret al., 1978). Gan day nhét, Tran
Loc Hung da sir dung toan tir Trotter cho bién ngau
nhién roi rac (todn tir, ma Trotter xay dung nam
1959 cho bién ngdu nhién lién tuc) va 4p dung
thanh cong cho xap xi Poisson (Hung e al., 2013,
Hung et al., 2014).

Cac két qua cua bai viét nay duoc trinh bay
trong Muc 3. Pau tién, ching t6i dung phwong
phap toan tur Trotter ching minh sy héi tu theo
phan phdi cia ddy tong hinh hoc vé phan phdi
Laplace di xtng, dugc trinh bay trong Pinh 1i 3.1.
Sau @6, chung t6i st dung k¥ thuét twong ty nhu
trong bai bao ciia Butzer (Butzer et al, 1975) dé
danh gi4 toc do hoi tu dang O-16m véi cac diéu kién
ham f(x) thudc 16p module lién tuc hay l6p ham
Lipschitz, dugc trinh bay trong cac Pinh li 3.2.
Cubi cung 1a Dinh 1i 3.3, thé hién tdc do hoi tu
dang o-nho voi cac diéu kién rang budc vé
moment.

2 KIEN THUC CHUAN BI
2.1 Dinh nghia 2.1

Cho hai ham s6 f(x),g(x) xéc dinh trén tap
s6 thuc R va g(x) #0 voi x # X, (x, € R hodc
X, = £o0). Khi do,

f(x):O(g(x)) néu

A Ex) bi chin voi x # X,

g\ X

va du gan X, .

fim /()

=0.
X—=>X() g(x)

néu

(x)=0(g(x)) (x—>0)

lim f(x) =0va 11m gx)=0.

X—Xg

Dinhnghia 2.2 Bién ngiu nhién N duoc goi la
¢6 phan phdi hinh hoc véi tham sd q(O <g< 1) ,
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ky hi¢u N ~ Geometry (g) néu N nhén cac gia tri k
= [, 2,..., n v0i xac suat tuong ung

P(N=k)=q(1-q)F !

0
Ky vong: E(N)=3 nP(N:n):l,
n=l q
qeit

Ham déc trung: o(0)=—"——.
1-(1-q)e"

qt
1-(1-¢)t’
Dinh nghia 2.3 Bién ngiu nhién Z dwoc goi 1a

c6 phan phdi Laplace dbi ximg, ky hiéu
Z ~ L(m,o) néu Z ¢b ham dic trung tuong tng

Ham sinh: g(¢)=

eimt
0'21‘2 .
1+
2

(pZ (t) =

Ky vong E(X)=m
Phuong sai D(X )=02 .
2.2 Bodé2.d
Gia su bién ngiu nhién Z~L(0,0),Fz 1a ham
phan phdi cia Z. Khi do, ta co
N . ’
FZ(x)zF\/g Y 7 (x), 6 d6 Z;=Z~L(0,0)
k=1
(theo phan phdi) va N ~ Geometry(q) (0<g<1).

Chtrng minh
Taco
o N =0y (an
Ja 2 7 Y Zk
k=1 k=1
1
1+ O-ztz
_ q9z(yJqt) _ EIY
-(1-9)ez(Jat)  1_q_gy_ L
1-(1-q) o)
ot
1+¢g
q 1
= = :q)z(l‘)
. 0'21,‘2 14_621‘2
9+a— 2

Ta c6 diéu phai ching minh.

Duéi ddy 1a dinh nghia va cac tinh chat cua
toan tir Trotter dd dwoc xay dung boi Trotter
(Trotter, 1959).
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2.3 Dinh nghia 2.4
Gia st feC,(R),C,(R) 1a 16p cic ham
lién tuc déu va bi chan trén tap sd thuc R, khi d6

toan tir lién két voi bién ngdu nhién X dugc dinh
nghia

Tx f(V)=E[f(X+y)]=[ f(x+y)dFx (x),VyeR.
R

2.4 Tinh chit 2.1

Toén t& Trotter c6 mot s tinh chét sau

L AITx fIIANLYfCB(R)

2. TX:CB(R)%CB(R) 5

3.T, lamot toén tir tuyén tinh.

4.X1,Xy cung phan phdi khi va chi khi
Tx,f=Tx, f¥feCB(R).

5.Néu X1.X2 thi
Txy+Xy f=(Tx;°Tx5) f=(Tx, Tx,) f.¥f€Cp(R).

doc lap

0. Ty, Xy 4.4, S =(Tx, Txp o oTx,) ) [V €CB(R) »

) vol1

n
n n f '
TTE ¥ TS xS SEIHTXI. I-Tx;f
i=1 i=1 =

(X)) va (X)), i = 1,n, doc lap theo mdi nhom.

o0
n noy g —\ln g
i=l i=l n= i=l i=l
véi (X)) va (X)), i = 1,n, doc lap theo mdi nhom.
9.Néu

. 2 r
tim [y, /Ty f] = 0.9 e 5 (R).Cly (R)
n—ow'! M B B

= {feCB(R):f(j)eCB(R),ISer,reN}
thi lim Fx, (X)=Fx (x).
n—»0

D¢ danh gid toc do hoi tu trong céc dinh i gidi
han, chung ta can su dung mot sO dinh nghia va
tinh chat dudi day (Butzer et al., 1975).

2.5 Module lién tuc
Véi feCp(R),0>0, ta cbd

o(f:0)=sup |/ (x+h)-1 (x)] 2.0
|h|<o

1. w(f;06) la ham don di€u giam theod va
o(f:5)—0 khi 5507 .
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2. o(f;28)<1+ D a(f;8) (1>0)
2.6 Diéu kién Lipschitz

2.2)

Ham f e C,(R) dugc goi la thoa diéu kién
Lipschitz bac a véi 0<a <1, ky hiéu la
f € Lip(a), néu o(f;5)=0(5").

Dic bigt, néu f'e C,(R) thi f € Lip(1).

2.7 Bo dé2.2

Néu bién ngiu nhiénX co E(\X\r)<+oo,khi doé
E(| x|/ <0 vOi 1< j<r vaE( X/ )<1+E(X]").

.3 TOC PO HOLTY CUA DAY TONG
HINH HQC VE PHAN PHOI LAPLACE

3.1 Pinhli3.1
Cho day c4c bién ngdu nhién (X,,k=1,2,...)
doc lap cung phan phdi véi X sao cho
E(X)=0,D(X)=c> va N la bién ngdu nhién doc
lap va doc 1ap voi X, , c6 phan phéi hinh hoc véi
tham s q(0<g<1). Khi do, tong hinh hoc
N Loy
\/; Y X} hoi tu theo phan phoi vé Z~L(0,0) khi
k=1
q—0.

3.2 Pinhli3.2

Cho day cac bién ng?lu nhién (Xj,k=1,2,..) doc
1ap ctng phéan phdi voi X. Gia str, voi 3<reN, ta

c6: | x/dFy (x) =

[ x/dF7(x),0< j<r,jeNva
R R

E(X]|")<+o0..

Khi d6, véimoi f € C; ' (R), ta co:

r=3

T\/g Zz\:[ ka—Tsz =0 qT.a) f(r_l);qg
k=1

VelLipa,0<a<l,tacé
r+a-3
=0|q 2 .

Cho déy bién ngau nhién (Xf.,k=1,2,...) doc lap

N~ £ r
Hon nita, néu [

Tig S x./T2f
k=
3.3 Dinhli3.3

cung phan phoi véi X. Gia str, vai 2 <r e N, ta co:
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[ x/dFy (x)=] x/dF7(x),0< j<r,jeN va
R R

E(\X\r)<+oo.

Khi do, Vf € C;(R) ,taco

r=2
:o(q 2 }(q—)O),

4 CHUNG MINH CAC PINH Li
4.1 Chirng minh dinh i 3.1

N
T\/g s ka—TZf
k=1

Vi Z~L(0,0) , theo B6 dé 2.1 ta ¢

FZ(=F [} § 7, (%),
k=1

6d6 Z, =Z ~ L(0,0) (theo phan phbi).

Vi feCy(R), véimoi £>0ton tai >0

sao cho | f"(n)—f"(y)I<e khilp—y|<S.

Theo khai trién Taylor, ta c6

(\/_)22

FWJax+y) = f(0) +Jaxt'(v) +

2.2
S ey -
o do |77—y|£f|x|. Suy ra

T D) =S+ ")’

VA(OY)

TR - R, )
I<sq "

+ j xz[f"(ﬂ)—f"(y)]dFXk (x) .
EEEN

Tuong tu, ta co

TS D)=+ (W)’

w2 ] XS GME, ()
xi<ofg

+ [ XU - £ 0E, () |
\x|25\/3
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Do @do,

q

lxi<dg '

Ixi<\q '

+ql |

]

[xizo\g

S%g{ _[ xzdFXk(x)+ J.

[xi<s g "

ST, fO)]<

[ » If"(n)—f"(y)Iszk(x)]

KdFy (x)+ |
lizoyg

Ixi<syfg

[ 21" en=rf'o)|dFy, ()

xzdFZk (x)]

xzdFZk (x)]

+q||f "II{ [ ¥aF, 0+ | xzdFZk(x)]

Ixi<dq

<gs0” +q|f "II{

Suy ra

2 "
nqec +Hf {qn

Do @0,

< OZo‘,P(N:n)

n=l1

n n
T«/qkz X! ‘T\/qkz 7 /| =
=1 =1

]

N N
Tﬁkz X/ ‘%kz 7!
=] =]

< (o227

véi q da nho.

Vay, lim
q—0

N X
T\/E D ka—TZf
k=1

duogc chimg minh.
4.2 Chirng minh dinh li 3.2

ViZ~L(0,0), theo B6 dé 2.1, ta c6

F,(x)=F

N

lxi<dg

x2dFX (x)+gn

RN -l

n n
Tax xi/ a3 27
k=1 k=1

(%),

[ xar, )+ | xzdFZk(x)].
lij<sg "

Ixi<dg '

| xzdFZ(x):l.
|x|25\/§_1

=0. Dinh i da
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& d6 Z;=2~L(0,0) (theo phan phdi).

Vi feC,'(R),véimoi €>0tdntai >0

S =) Ise ki
|7— v |< & . Khai trién Taylor bacr —1, ta c6

r—1 J J .
f (axey) = ,ZOWJ),,XJU)@
2
(V)
+7
(r=1)!

sao cho

LD D),
6 d6 npnam gitta y va Y+ \/Ex. Khi do, ta c6

J
(@.f(f )().] xdFy (x)
: R

r—l1
T =2
\/qu g j=0

(\/;)’"_1 r—1
(r—l)! IIQ x

+

D= fary o

va

j
(o) D). [ xdFz(x)

r—1
; ! R

z

T f(y)=
\/52 d j=0

r—1
((@1)! ! LDy ) arz 0,

+

Suy ra

()~

\T@xf(y)—%zﬂy)\sw.(m\+\Iz\),
véi

n|=

] xr‘l[f("l)(n)—f("l)(y)}dFX )
R

SI ‘x‘r—l

f(r‘l)(n)—f(r‘l)(y)\dFX )

A D)= D arx
\x\’—lw[f("l);\x\ﬁ)de (x)
Sa)(f(r‘l);\/a )j " (1)) ()

R

a)(f(r_l);\/g).{HZE(\X\rﬂ

IN

va
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il = 1 A D) arz o

’ w( 7). g j.[an(\z\’ﬂ.

IN

Do d6
Irjaxrrfaz|

r—1
< (\(/E_)l)! w(f(’—l);\/;).[2+2E(\X\r)+2E(\Z\’)}.

Ta lai co

< Ingarrgzs]

N
T % x2S
k=1

Vay
N .
T\/; D ka_TZf
k=1

(Va)
(r—l)!

<

w(f(r‘l);\/g).[2+2E(\X\’)+2E(\Z\Vﬂ

(r-3) 1
=O[q 2 .a{f(r_l);qZH.

Néu f(r _l)eLipa,O<a£1, thi

( (r—3+a)}
=0lq 2 .

DPinh 1i d2 duoc chirng minh.
4.3 Chirng minh dinh li 3.3

hay

N
o ¥ x2S
k=1

N
T\/g 3 ka—TZf
k=1

Ap dung khai trién Taylor bac » cho ham f tai

y.,tacd
v (JaV s
f(Wawey)= £ (ﬁj).,x S
. /=0 ' v6i 7 nam
Wa)

OO |,

gita y va y++Jgx. Vi feCi(R),véi mdi
£>0 ton tai >0 sao cho |77—y|<5 suy ra

-1 ) <e.

Ta cod
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c (1)
T \/ng = 'ZOTJ ()] ¥/ dFx (x)

J= R
.
(V4) 3| 1O - D) g o

r! .R
] r
-3 (ﬁ.) .f(f)(y).fxdex(xn(@
-0 J! R r!

+

(h+12),

J
o do
n= 1 OO ar e,

<7~

Ja
e 1 OO Jary .
>
\x\ \/g

Vi \n—y\ﬁ\/ﬂxk&, suy ra

nf< 1 W

<7

Ja

3" dFx (x) < ep,

f(’)(n)—f(’)(y)\dem

<e I
i<

Ja
Ta co| /-l

, suy ra

\Jz\szH 7 , voi gdi

. ‘x‘rdFX(x)SeQ
)

x>

Ja

‘f(”)

nho.
Lap luén tuong ty, ta co
J
r q . .
Tfgzf) = X @f@@).f x/dFz (x)

j=0 J! R

W)

r!

(1,+1,),

Ll=| [ ¥ [FOm-r20)]dF, &)
<2 ,

Ja
<cf (B =[P dF,w)
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Suy ra

L) =| [ *[f2m-r"m)]dF,x)

<277

)W

r!

HTJ; x/-Tfqzf HSG.( B+ ﬂ;‘+4H £

do do,
N . - r=2
€ 7 A
Tfh s x /- Tz21| < r—!.(,b’,,+ﬂ,,+4Hf ).q 2.
k=1
Y r=2
Vay, T\/; 3 ka—TZf = olq 2 ((]—>0)-
k=1
DPinh 1i da duoc chung minh.
5 KET LUAN

Bai bao da cho thiy tdc do hoi tu ctia diy tong
hinh hoc vé phan phdi Laplace d6i xtmg dudi dang
O —16n, 0 —nhé va dugc chirng minh qua phwong
phap toan tir Trotter. Cac két qua dat dugc trong
bai viét nay di gép phan minh chimg cho tinh uu
viét ciia phuwong phap toan tir Trotter vé& viéc danh
gia tbe do hoi tu trong cac dinh 1i gidi han. Dua
vao khai trién Taylor va cac tinh chat cia toan tir,
viéc chling minh céc dinh li tré nén don gian hon
so véi cac phuong phap khac nhu: phuong phap
ham dic trung, ham sinh hay Stein. Hon
nira,phuong phap toan tir Trotter rt hitu hidu trong
khong gian v6 han chiéu (Sakalauskas, V., 1977).
Ciing vi 18 d6, huéng nghién ciru tiép theo cua
chung t6i 12 xét trong trudng hop vo han chiéu.
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