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ABSTRACT

This paper studies Holder stability of a class of bang-bang
optimal control problems governed by semilinear elliptic
partial differential equations. A new second-order sufficient
optimality condition for the class of bang-bang optimal
control problems is establish. This sufficient optimality
condition is used to prove some new results on Holder stability
of the class of control problems under consideration.

TOM TAT

Bai bao nghién cuu sy on dinh Holder ciia mot lop cac bai
todn diéu khién téi wu bang-bang cho cdc phwong trinh vi
phdn dao ham riéng elliptic nira tuyén tinh. Mgt diéu kién i
161 wu bdc hai méi cho I6p bai todan diéu khién toi wu bang-
bang duoc thiét lap. Diéu kién di t6i wu nay dwoc s dung dé
chimg minh cdc két qua méi vé tinh én dinh Hélder cho lop

Bang-bang control, hélder stability,
second-order optimality condition,
semilinear elliptic equation

bai todn diéu khién dang khdo sdt.

Trich dan: Truong Gia Pai, 2019. On dinh Holder cua bai toan diéu khién tbi vu bang-bang cho phuong trinh
dao ham riéng elliptic nira tuyén tinh. Tap chi Khoa hoc Truong Pai hoc Can Tho. 55(1A): 59-65.

1 GIOI THIEU

Hién nay cac bai toan diéu khién t6i wu bang-
bang cho cic phuong trinh vi phan thudong da dugc
nghién ctru rong rdi. Tuy nhién, cic két qua lién
quan dén bai toan diéu khién tdi vu bang-bang cho
cac phuong trinh vi phan dao ham riéng con kha han
ché. Mot sb két qua dau tién trong hudng nghién ctru
nay nhu: Casas (2012), Casaset al. (2017), Pérner
and Wachsmuth (2016), Porner and Wachsmuth
(2017). Tiép ndi cac két qua nghién ciru ciia Casas
(2012), Casas et al. (2017), trong bai bao nay nghién
ctru sy On dinh nghiém ciia mot 16p cac bai toan diéu
khién ti uru bang-bang cho cac phuong trinh vi phan
dao ham riéng elliptic nira tuyén tinh dugc cho dudi
dang
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{Min Jw) = [, L(x,y,(0))dx

théad.k. a(x) <u(x) <pB(x) véih.h. x € Q,
(1.1)

trong d6 u 13 bién diéu khién va trang thai y, 1a

nghiém cuia bai toan Dirichlet sau

{Ay + f(x,y) = u trong Q

y=0 trénT. (1.2)

Trong truong hop tong quat cac nghiém dia
phuong % cua bai toan (1.1) thuong thoéa mén tinh
chat bang-bang sau day

t(x) € {a(x),f(x)}, véih.h. x €Q,

nén bai toan (1.1) con dugc goi la bai toan bang-
bang.
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Muc ti€u chinh ctia bai bao nay la khao sat sy on
dinh Holder cho cac nghiém dia phuong cta bai toan
diéu khién t6i uu bang-bang (1.1) dudi tac dong cua
nhiu. Dé thu dwoc cac két qua 6n dinh nghiém cho
bai toan (1.1), mot diéu kién du t6i vu bac hai cho
bai toan (1.1) da duoc thiét 1ap, dong thoi cling phat
biéu lai mot két qua rang bai toan diéu khién ti wu
nhiéu luén c6 nghiém toan cuc. Cac két qua nay
dugc sir dung dé ching minh két qua chinh cia bai
bao vé& sy 6n dinh Holder cho cac nghiém dia
phuong cua bai toan (1.1).

Phan con lai ciia bai bao dwoc bd cuc nhu sau:
Muc 2 phat bleu cac gia thiét can ban trong 1y thuyet
didu khlen tbi wu can thiét cho bai bao nay va nhic
lai mot sb két qua da biét vé diéu khién t6i wu cho
cac phuong trinh vi phan dao ham riéng elliptic nira
tuyén tinh; Muc 3 nhéc lai cac diéu kién can tdi wu
béc nhit va thiét 1ap méi mot diéu kién du t6i wu bac
hai cho bai toan (1.1); Muc 4 tap trung vao két qua
chinh cuia bai bao bao gdm cac danh gia Holder cho
cic nghiém toan cuc cua bai toan nhidu so voi
nghiém dia phuong dang xét cua bai toan (1.1); Két
luan va hudng phat trién duoc néu trong Muc 5 cia
bai bao.

2 CAC GIA THIET CAN BAN VA KET
QUA BO TRQ
Xéttaphop Q c RN v6i N € {1,2,3} vacac ham
a,f € L*(Q) thoa dicu kién a(x) < B(x) voi hau
hét (viét tit 1a h.h.) x € Q. Hon nita, cac ham
Lf:OxR->RIla cac ham Carath¢odory thudc 16p
c? ‘tuong ung voi bién thir hai va thoa mén cac gia
thiét dudi day:
(A1) £(-,0) € LPo(Q) véi po > N/2,
4]
%(x,y) >0 véihh x€Q,

va véimoi M > 0 ton tai hang s6 C;y > 0 sao cho

< Csy vOihh x

0% f
a—J/Z(X:)’)
eEQvaly| <M.

of
5y @)+

V6imdiM > 0vae > 0tdntai § > 0 phu thude
vao M va e sao cho

0% f 0% f
3y 2( X, y2) — 3y TSy <e néu [y, [y,|
<M, ly; =yl

<9, vévé'ih.h.x € Q.

(A2) L(-,0) € L' () va v6i moi M > 0 ton tai
hing s6 Cpy > 0 vaham sz € LPo(Q) sao cho voi
moi |y| < M va véi hau hét x € Q,

aL 2
|E(x’y)| Sl/)M(x): S CL,M'

Ly
dy? XY
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V6imdiM > 0vae > 0tdntai § > 0 phu thude
vao M va & sao cho

9%L 02L .

a_yz(x'yZ) - 6_}12(x'y1) < néu |y, ly,l

<M, |y, — il
<4, vavéih.h. x € Q.

(A3) Tap QL 1a mot mién md va bi chin trong RV
v6i bién Lipschitz I' (xem dinh nghia bién Lipschitz
trong Troltzsch (2010)), va A 1a toan tir elliptic bac
hai dudi dang

N

Ay =- )

ij=1

0y, (00, y()),

trong d6 cdc ham h¢ s6 a;; € C(Q1) théa man

diéu kién: t6n tai A, > 0 sao cho
N
LI < Z a,; ()&, ¥ €RY, voihh. x
ij=1
€

Tap cac diéu khién chap nhan duoc s& dugc ky
hi¢u baoi

Ugq = {u € L2(@)] a(x) < u(x)

< B(x) véih.h. x € Q}.

RO rang ta cd Uyg # @. Cho p € [1, 0], ky hidu
BY@) = {v € P v —ullypiey < ¢} 12 qui
cau dong trong khong gian LP() c6 tim tai & €
LP(Q) va ban kinh & > 0. Mot diéu khién 7 € Uy,
duoc goi 1a nghiém toan cuc cia bai toan (1.1) néu

J@ <J (W), Vu € Ugq -

Diéu khién @ dugc goi la nghiém dja phwong cia
bai todn (1.1) theo nghia LP () ncu ton tai mdt qua
cau dong BY (i) sao cho

J(@@) < J(u),Yu € Ugg N BY ().

Nghiém dia phuong u duoc goi 1a chat néu
J(@) < J(u) véimoi u € Ugq N BP (W) vau # .

Duéi cac gia thiét (A1)-(A3), bai toan (1.1) c6 it
nhit mot nghiém toan cuc. Két qua nay 1a mot
truong hop riéng cua Casas ef al. (2008) (Theorem
2.2).

Céc két qua trinh bay dudi day lién quan dén
phuong trinh (1.2) dugc tham khao trong Troltzsch
(2010) (Chapter 4). V&i mdi u € LP(Q) va p >
N/2, phuong trinh (1.2) ¢6 duy nhit mot nghiém
yéuy, € HL(Q) n €(Q). Thém vao dé, ton tai hing
s6 My, p sao cho

”yu”H(}(Q) + ”yullc(ﬁ) S Mgp, Vu €U (2.1)
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_Ham diéu khién-trang thi G: L?(Q) - H{(Q) N
C(Q) x4c dinh béi G (1) = y,, thudc 16p C2.
Hon nita, véi mdi v € L?(Q), z,, = G'(W)v 1a
nghiém yéu duy nhét ctia phuong trinh
of _
{Az + 3 (x,y)z=v
z=0

véi  bat ky vy, € L2(Q), Wy, ., =
G" () (vy,v,) 12 nghiém yéu duy nhét cua phuwong
trinh

trong () 2.2)
trénT,

va

{AW +3 2 (x yw + (x y)zu,,lzu,,2 = 0 trong

=0trénT,
(2.3)

trong d6 y = G(w) va z,,, = G'(Wv; véi i =
1,2.

V6i gia thiét (A2), ham myc tiéu J: L°(Q) - R
thudc 16p €2, va cac dao ham bac nhat va bac hai
cua J () dugc tinh bdi cac cong thirc

J@v = [, e, ()v(x)dx,

va

2.4)

]”(U,) (v1, Vz) = .fg (% (x, yu(x)) -

Pu(x) giy}; (x: Yu (x))> Zu,vy (x)zu,vz (x)dx, (2.5)

trong d6 z,,, = G'(Wv; véi i = 1,2, va trang
thai lién hop ¢, € Hi(Q) N C(Q) cua trang thai y,,
1a nghiém yéu duy nhat ctiia phuong trinh

A +6f( ) _6L( )t Q
@ dy X Yu)P 9y X Yu rong

¢=0
trong d6 A* 1a toan tir lién hop cua toan tir 4.

3 PIEU KIEN TOI UU CHO BAI TOAN
DIEU KHIEN BANG-BANG

trénT,

Trong myc nay, mot diéu kién du t6i wu bac hai
duogc thiét 1ap cho diéu khién bang-bang i € Uy,
theo dao ham béc hai ctia ham muc tiéu J (+). Ky hiéu
Y := H}(Q) N C(Q) 1a khong gian trang thai véi
chuan ||-||y twong tmg dugc dinh nghia boi

Iylly = Iyl sz + Iy llo)-

Néu % 1a mot nghiém dia phuong cta bai toan
(1.1) theo nghia LP(Q), thi ton tai mdt trang thai
Yz € Y va mot trang thai lién hop ¢z € Y théa man
céc diéu kién can tbi uu bac nhit
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trong Q

Ayg+ flx,yz) =
{ yz=0 trénT, (.1
A" 7+a—f(x )Pz =ﬂ(x z) trong
P+ 5, (L yn)ea =506 ya g0 3,
oz =0 trén T,

Jo a0 (u(x) = a(x))dx 2 0, Vu € Ugq. (3.3)

Su kién nay dugc chung minh trong Trdltzsch
(2010) (Chapter 4). Hé théng cac diéu kién (3.1)-
(3.3) dugc goi 1a hé thong toi wu bédc nhat cia bai
toan diéu khién (1.1).

Cho p € [1, ] va & 1a nghiém dia phuong cta
bai toan (1.1) theo nghia LP (). T (3.3), ta suy ra

a(x), néuggz(x) >0

a0t = {B(x), néu @z(x) <0 (3.4
va
>0, néuii(x) = alx)
¢z(x) ={< 0, néuu(x) =p(x) (3.5)

=0, néua(x) <ulx) < B(x).

Xét truong hop tép {x € Q|gy(x) = 0} co do do
Lebesgue bang khong. Khi d6, do (3.4) va (3.5) ta
co

a(x) € {a(x),B(x)}, véih.h.x € Q. (3.6)

Diéu khién @ thoa tinh chét (3.6) dwoc goi la diéu
khién bang-bang.

Ta biét ring, ching han xem Bonnans and
Shapiro, 2000 (Section 6.3), nén cac huéng ding
lién két véi mot dieu khién 4 € U,y duoc dinh
nghia boi

>0 néuii(x) = a(x)
Ca =3{v € L?(Q)|v(x){<0 néuu(x) =px)
=0 néu@z(x)#0

(3.7)
va diéu kién can bac hai thuong dugc viét dudi dang
J'@v? =0, vveCy (3.9

Tuy nhién, theo (3.4) va (3.7), néu @ 1a diéu
khién bang-bang thi Gz = {0}. Didu ndy cho thay
diéu kién (3.8) 1a tam thuong. Vi vay, can phai mo
rong diéu kién (3.8) dé thu dugc nhimng thong tin
khong tam thudng. Theo Casas (2012), nén Cy duge
mé rong nhu sau: voi U € U,y va Tt =0, ta dinh
nghia

Ci

>0 néui(x)=a(x)
<0 néuulx) =P
=0 néulez(x)|>1

={v € L*(Q)|v(x)

3.9)
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Ta thay ring Cy S CE va C2 = Cz, hon nita ta c6
Cy < CZ trong trudng hop tong quat.

Dé khao sat mot didu khién bang-bang i cua bai
toan (1.1) thi phai quan tdim dén truong hop tap
{x € Qpz(x) = 0} c6 d6 do Lebesgue bang khong.
Khi d6, theo Casas et al. (2017), xét gia thiét dat 1én
trang thai lién hop ¢y sau day:

(A4) Gia st @ € Ugq thoa h¢ thong t6i wu bit
nhét (3.1)-(3.3) va diéu kién dudi day

3K > 0 saocho [{x € Q: |pz(x)| < }] <
Ke, Ve >0, (3.10)

trong d6 [-] ky hiéu d6 do Lebesgue.
Ménh dé 3.1. (Casas et al., 2017, Proposition

2.7) Gia st i € U,y va cic gia thiét (A1)-(Ad) dugc
thoa méin. Khi dé, ton tai k > 0 sao cho

J @ =) = kllu—ull?yq), Vu € Ugg. (3.11)

binh ly 3.1. Gia s 4 € U,y thoa man cac gia
thiét (A1)-(A4) va ton tai cac hangs6 § > 0vart >
0 sao cho

J"@v? 2 8liz, 2 Vv ECE (3.12)

trong d6 z, = G'(W)v 1 nghiém yéu ciia phuong

trinh (2.2) voiy = ygz. Khi d9, ton tai € > 0 sao cho
_ _ 8

](u) + g ”u - u”il(g) + E ”Zu—ﬁ”iz(g) <

J(w), Yu € B2(@) N Ugy, (3.13)

Voi zy, g = G'(@)(u — u) va k dugce cho trong
Ménh deé 3.1.

Chirng minh. Nhan thiy rang gia thiét (A4) cua
dinh 1y triung voi gia thiét (A4.ae) trong truong hop
ae=1 ciia Qui and Wachsmuth (2017). Bing cach sir
dung gia thiét (A4.ae) v6i ae=1 va ap dung Qui and
Wachsmuth (2017) (Theorem 3.1) ta thu duoc két
quacuadinhly. O

Chu ¥ rang c6 thé st dung gia thiét (A4) dé
chtng minh truc tiép Pinh 1y 3.1 theo lugc d6 chimg
minh dudi day.

Luwgc d6 chirng minh tryec tiép Pinh Iy 3.1 véi
gia thiét (A4). V6i u € B2(@) N Ugy, ta dinh nghia
diéu khién

(x) = {u(x)

u(x), néulpz(x) <t
néu nguorc lai,
va diéu khiénw = (u — ) — v.

D@ dang kiém ching dugc rang v € CI. Khai
trién Taylor bac hai ham muc tiéu J(-) tai u ta thu
duogc  J(w) =J@) +) @ —-u) + %]”(ﬁ)(u -
W2véi A=u+0u—u) va 6 € (0,1). Tir (3.4)

62

Tap 55, 86 14 (2019): 59-65

va u—u=v+w ta suy ra J(w)=J@)+
@@=+ [ logllu - @ldx +
(@) — )2 (3.14)

Theo Ménh dé 3.1, ta c6

1., _ 1 _

51 Wu-1u) = Ekllu —ullil(m. (3.15)

Thém vao do, 1ap luén tuong ty nhu trong chirng
minh cua Casas (2012) (Theorem 2.4) ta ciing thu
duoc

> foloallu = aildx + )" (@)@ - 0)? 2
5
5 lzu-all 2. (3.16)

St dung (3.14), (3.15) va (3.16) ta thu duoc
(3.13).O

Dé minh hoa cho y nghia cac két qua vé diéu
kién du t6i wu bac hai thu dugc trong muc nay doc
gia co thé tim doc (Casas, 2012, Example 2.1) v6i
nhitng phan tich rat siu sic vé vi du nay.

4 ON DINH HOLDER CHO BAI TOAN
DPIEU KHIEN BANG-BANG

Trong muc ndy s& khao sat sy 6n dinh Holder
cho 16p bai toan dicu khién toi vu dudi tac dong cua
nhiéu. Bai toan nhic¢u dugc cho dudi dang

{Min Jwe)=J(u+e,)+ (ef’y“+ey)L2(n)(4 1)
théa d. k. U € Ugq(e),
trong do6
Ugq(€) = Ugq N B2(W),

va ham J(+) duoc cho trong (1.1), tire 1a
9Gt€) = [ 1 (% 7ure, () dx
Q
+ J. € (x)yu+ey(x)dxr
Q

véi Yute, = G (u + ey) 1a nghiém yéu cuia bai toan
Dirichlet nhiéu sau day

trong
trénT,

{Ay+f(x,y) =u+te, 42)

y=0
vae; € L2(Q), ey, € L?(Q) la cac tham s.

Ky hiéu E = L?(Q) X L2(Q) 1akhong gian tham
s0 v6i chuan tuong tng 1a

llelle = ||e]||L2(Q) + "ey”LZ(n)' ve=

(e ey) EE. (43)
Pinh ly 4.1. (Qui va Wachsmuth, 2017,

Theorem 4.1) Gia stt (A1)-(A3) dugc thoa méan va u
la m§t nghiém dia phuong cua bai toan (1.1) Grng véi
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£ > 0. Khi d6, bai toan nhiéu (4.1) c6 it nhat mot
nghiém toan cuc U, ung voi trang thai nhiéu toi uu
Yiig+e, € HY( Q) N C(Q) véimoie € E.

Dinh 1y sau ddy phat biéu mot tiéu chuan vé su
6n dinh Holder cho bai toan nhidu (4.1) trong L' (Q).
Day 14 két qua chinh cta bai bao nay.

DPinh ly 4.2. Gia su (A1)-(A4) dugc thoa man va
u la mot nghiém dia phuong cua bai toan (1.1) twong
g v&i € > 0 thoa didu kién (3.12). Khi do, ton tai
hang s6 @ > 0 sao cho

1
g = tll 2oy < ellellz,  (44)

trong d6 u, 1a nghiém toan cuc cia bai toan
nhiéu (4.1) Gtng v4i tham s0 e € E du bé.

Chirng minh. Ap dung Pinh 1y 3.1 cho i, €
Uyq(€), ta thu dugce

J@ + Sl = allZs g +
Sz, all e, (45)
< J(@,) =J@e) —J(He + ey) +J (U +ey)

= ](ﬁe) _](ae + ey) + J(ﬁet e)

- (e]' yﬁe+ey)L2(m-

of o
A (yﬁe+ey - yﬁ+ey) + @ (x,¥9) (YEg+ey - YE+ey) =1uU, —u trong{}
=0

trong d6 yg = Ygse, + 6 (yﬁe+ey - yﬁ+ey)- Tur
(Al)va(2.1)taco 0 < af /dy (-, yg) € L™(Q). Picu
nay két hop voi cac k¥ thuat trong (Meyer et al.,
2011, Theorem 2.12] ta suy ra sy ton tai hang sb
Dy g sao cho

< Da,ﬁ”ﬁe - ﬁ”[}(g)-

||y17e+ey - yﬁ+ey 2@

Tt danh gia nay va (4.7) ta nhan dugc
J(ﬁe. e) - (ej, yﬁe+gy)L2(Q) < ](a + ey) +
”e]”Lz(Q)Da,ﬁ”ae —ullr(q) (4.8)

Tir (4.5), (4.6) va (4.8) ta suy ra
_ K. _ _ 5 2
](u) + E ”ue - u”ii(ﬂ) + § ||Zﬁe_ﬁ||L2(Q)

+j(u+e,)+
(4.9)

= ll”‘eyan(m

”e]”LZ(Q)Da.ﬁ”ﬁe - ﬁ”Ll(Q)'

Str dung dinh 1y gi4 tri trung binh mét 1an nita ta
suy ra cac danh gia sau

Tap 55, 86 14 (2019): 59-65

Khong giam tinh tong quat ta gia sur rang ton tai
l; > 0 sao cho supge[(),””]’(ﬁe + Eey)” <1l véi
moi e € E du bé. Theo dinh 1y gia tri trung binh ta
suy ra danh gia sau day

J(@,) —J(u. +e,) < sup ||J'(u, + &ey)|| -
§efo1]
”e}’”Lz(m < l1||ey||Lz(Q)- (46)

Thém vao do, vi U, 1a nghiém toan cuc cia bai
toan nhieu (4.1) ung véi tham sO e, nén ta co
J(U,, e) < J(u,e). bicu nay kéo theo J(u,,e) —

(e], yge+ey) <J@e) - (e], Yﬁe+ey)L2 @

L2(Q)
= ](ﬁ + ey) + (e],ymey) -

L2()
(e]' yﬁe+ey)L2 @ (4.7)

=J(u+e,)+ (ej;YE+ey - YEg+ey)L2(Q)

S](ﬁ + ey) + ||e]||L2(Q) ||yﬁ+ey ~ Vigtey 2.

Vi Yiete, = G(u, + ey) va Yate, = G(u+ ey)
1a cac nghiém yéu cua cic phwong trinh (4.1) g
v6i cac vé phai 1, + ey, vail + ey, nén ton tai mot
ham do dugc 8: Q - [0,1] sao cho

Yagt+e, — Vu+tey trénT,

](ﬁ + ey) —J(@) < sup ||]’(7TL + (ey)” .
¢el0,1]
”ey”Lz(Q) = lZHeyllem)' (4.10)
trongd6 sup ||J'(@+ Cey)|| < I, véil, > 0va
gefo1] :
e da bé. Tu (4.9) va (4.10) ta suy ra rang
K. _ _ 0 2
E ”ue - u”il(ﬂ) + g ”Zﬁe_ﬁ”LZ(Q)
< (ll + l2)||eY||Lz(m
+ ”e]”Lz(Q)Da,B”ﬁe - a”Ll(Q)
<+
1
lZ)Hey”LZ(Q) + ”e]”LZ(Q)Da‘Bglﬂlz (411)

1
< U+ Bleyll 2 q) + legll 2 ) Pl

12(Q) L2(Q)

1
< (1 1+ Degell2) (el gy + Nl 2

1
= (i Lo+ DegelQ ) el
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1
. — — 1-=(=
trong  do  [[#e — Ul < 1212 ITe ~

1 N
ull2q) < €lQ[2. Dieu nay kéo theo
251 (zl +1,
1
+ Depel0f2) flells

”ﬁe - ﬁ”il(g) <

Bing cich dit o= <2x—1 (L+1+

N
Da,BS|Q|2)>

Hé qua 4.1. Gia sir tit ca cac gia thiét trong Dinh
Iy 4.2 dugc thoa man. Khi d6, ton tai mdt hang so
¢ > 0 sao cho

, tathu duoc (4.4). O

1
”ﬁe - ﬁ”Ll(Q) =c (”ey”izm) + “e]”LZ(Q))'
(4.12)

trong d6 u, 1a nghiém toan cuc cia bai toan
nhieu (4.1) Gng v&i tham s6 e du bé.

Chirng minh. Theo (4.11), ton tai cac hiang sd
[, > 0val, > 0sao cho danh gia sau day dugc théa

£l = gy + 5 17wl ey < G+

Dl + sl g e = Tl

man

Str dung bat ding thirc Young ta suy ra

K
2 e = allfr gy < (G + lZ)”ey”LZ(Q)
+ (f_lne]”LZ(mDa,ﬁ) (f”ﬁe
- 1_1“1,1(9))
< (ll + lz)”ey”LZ(Q)
(f 1Daﬁ) “ ”
€

2
+7“ﬁe -

L2(Q)
ﬁ“il(ﬂ)r

v6i moi & > 0. Vi vy, c6 thé chon & > 0 di1 bé dé
nhén dugc danh gia sau day

L, =l gy < (4 + lZ)Hey”Lz

+ 14”6’1”

()]

L2(Q)’

(E'0ap)”
2

. K &2 X
trong do l3=3—?>0 va l, = > 0.

Nhu vay, ta c¢6

lla, — ullLl(Q) <+ lz)l§1||ey"

+ 15y le||?

12(Q)

L2(Q)

< 1(lleyllz g + Nleslegay)-
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trong d6 I = max{(l; + [,)15%,1311,}. Tir day ta suy
ra

1
o 1 2 2
“ue - u”Ll(Q) <12 (”ey”Lz(g) + ||e]||L2(m)2

1 1/2
<2 (lley 122 + ey lz e )

Pit ¢ =1Y2>0, ta nhan dugc danh gia
(4.12).0

Hé qua 4.2. Gia su tat ca cac gia thiét trong
Pinh 1y 4.2 dugc thoa man. Khi do, ta co U, = u
trong L'(Q) khi e —» 0 trong E, trong do #@, la
nghiém toan cuc ciia bai toan nhidu (4.1) Gmg véi
thamsb e € E.

Nhén xét 4.1. Két qua vé tinh 6n dinh Holder
ctia nghiém cua bai toan nhiéu thu duoc trong Pinh
1y 4.2 dya trén gia thiét (A4). Do d6, Pinh ly 4.2
khong thé suy ra tir Qui and Wachsmuth (2017)
(Theorem 4.5) khi sir dung gia thiét (A4.ae) voi
ae=1/2. Hon nita, k¥ thudt chirng minh Dinh 1y 4.2
(va ca H¢ qua 4.1) hoan toan khac voi ky thuat
ching minh cua Qui and Wachsmuth (2017)
(Theorem 4.5). Chu y rang gia thiét (A4) va gia thiét
(A4.ae) v6i ae=1/2 1 hoan toan khac nhau. V& mit
két qua, Dinh 1y 4.2 thu duoc két qua 6n dinh cho
cac nghiém toan cuc cta bai toan nhiéu trong khi
Qui and Wachsmuth (2017) (Theorem 4.5) thu dugc
két qua 6n dinh cho cic diém KKT cua bai toan
nhidu du gin nghiém dia phuong cua bai toan gbc,
hai két qua 6n dinh vira néu Ia hoan toan khac nhau.

Y nghia ciia két qua 6n dinh Hélder. Tinh 6n
dinh Lipschitz ciia nghiém cua cac bai toan t6i uu c6
tham sd rat quan trong trong vi€c nghién clru va thiét
1ap cac thuat toan giai s6 cho cac bai toan t6i wu. Tuy
nhién, khi tinh 6n dinh Lipschitz khong dat duoc thi
tinh 6n dinh Hoélder dugc lwa chon dé thay thé nhu
mot giai phap tat yéu. Trong qua trinh nghién ctru sy
on dinh cua cac bai toan diéu khién t&i wu bang- bang
¢6 nhiéu, trong nghién ctru nay da thu duoc cac két
qua méi vé tinh 6n dinh Holder cho 16p bai toan nay.

Doc gia co thé tim doc cubn sach chuyén khao
rat n6i tiéng Troltzsch (2010) véi rat nhidu bai toan
cu thé va vi du sé phong pht lién quan dén cac bai
toan diéu khlen t6i uu bang-bang cung nhiing phan
tich sdu sac vé tinh can thiét ctia sy 6n dinh nghiém
trong g dung thuc té.

5 KET LUAN

Bai bio da thu dugc cac két qua méi vé diéu kién
du t6i wu béc hai va dic biét 1a tinh én dinh Holder
clia mot 16p cac bai toan diéu khién t&i wu bang-bang
cho céac phuong trinh vi phan dao ham riéng elliptic
ntra tuyén tinh. Trong cac nghién ciru tiép theo, cac
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Kkét qua on dinh Holder thu duogc sé ap dung vao viéc
thiét 1ap cac phuong phép sb giai cac bai toan diéu
khién t6i wu bang-bang cho cac phwong trinh vi phan
dao ham riéng elliptic nira tuyén tinh.

LOI CAM TA

Téac gia xin chan thanh cam on TS. Nguyén
Thanh Qui v¢ nhimg trao doi rat hiru ich lién quan
dén chu d¢ nghién ciru cua bai bao.
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