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Tom tat

Trong bai bao chang toi di nghién ciru diéu kién t6i wu can cdp hai cho bai todn toi wu vecto khong
tron ¢é cdc rang budc tdp, nén va dang thirc dwa vao khdi niém dao ham theo phirong cdp hai lién tuc
trong khong gian Banach thuc. V&i muc dich trén, ching t6i cung cdp mét s6 khdi niém cho cac nghiém
hitu hiéu yéu cua bai toan va trinh bay mot so ddc trung Ve tinh kha vi hai lan theo phirong cho Iop ham
gia tri thuc. Dudi cdc gia lhlet phit hop, mot sé diéu kién toi wu can cap hai co ban va doi ngau dang Fritz
John cho nghiém hitu hiéu yéu dia phuong cua bai toan dwgc cung cap. Bzeu kién t6i wu cdp hai thu dwoc
trong badi bdo la méi hodc cdi thién cdc két qua da biét trong nhwng nam gan day

T khoa: Bdi todn t6i wu vecto khéng tron, cdc diéu kién toi wu can cdp hai, cdc nghiém hiru hiéu
yveu, dao ham theo phwong lién tuc hai lan.
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Abstract

In the paper we study second-order necessary optimality conditions for a nonsmooth vector
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Chuyén san Khoa hoc Ty nhién

1. Mé diu

T4i wu hoa vecto 1a mot linh vuc nang dong
dugc quan tdm nghién ctru nhiéu trong thoi gian
gin day boi nhiéu nha khoa hoc trong nudc va
quéc té (xem Bonnans va cs. (1999); Constantin
(2011, 2021); Ginchev va lvanov (2008); Ivanov
(2015); Jiménez va Novo (2003, 2004); Liu (1991);
Luu (2018); Rockafellar (1970); Su (2020);
Bonnans va Shapiro (2000) va danh muc cac tai
lidu trich din trong d06). Giita cdc khia canh khic
nhau nhu su ton tai nghiém, d¢ nhay nghiém, ciu
tric tap nghiém va thuat toan thi diéu kién toi wu
dugc nhiéu nha nghién ciru tién hanh do sy tng
dung rong rai cua chu dé trong khoa hoc toan hoc,
kinh té, k¥ thuat... Bonnans va cs. (1999) dan diéu
kién toi wu cép hai cho bai toan tdi uu vecto cd
rang budc theo cac tap tiép xitc cap hai dang
Parabolic; Constantin (2011) cung cap diéu kién t6i
wu cdp hai cho bai toan tdi uu ¢ rang budc theo
cac phuong tiép xuc voi dir liéu Lipschitz dia
phuong; Liu (1991) thiét 1ap diéu kién t6i wu cap
hai cho cac nghiém khong trdi trong bai toan quy
hoach da muyc ti€u suy rong voi dir liéu thude 16p
ham C1,1. Bic biét, d6i véi mot 16p bai toan tdi uu
vecto khong c6 rang budc dang thirc, tham chi
khong cé rang budc tap (chi co rang budc bat dang
thire tong quat hay rang budc non), Ginchev va
Ivanov (2008) thu duogc diéu kién téi wu cp hai
cho bai toan tdi wu vecto trir rang budc ding thirc
v6i dir liéu thude 16p ham C1; Ivanov (2015) xay
dung diéu kién toi vu cép hai cho 16p bai toan tbi
wu vecto voi dir liéu kha vi Fréchet va chuin hoa
rang budc cip hai; Jiménez va Novo (2003, 2004)
hién thi diéu kién t6i wu cip hai cho cuc tiéu chit
trong 10p bai toan t6i wu khong tron va kha vi dya
trén cac tap tiép xuc cap hai.

Dé nghién ctru diéu kién t6i wu can cho cac
kiéu nghiém toi wu ctia bai toan téi wu vecto, dao
ham theo phuong (huéng) duoc st dung nhiéu
trong thoi gian gan ddy, ching han, Luu (2018)
cung cap diéu kién tbi wu can va du cip hai cho bai
toan tdi uu da muc tiéu st dung coéng cu dao ham
theo hudng cép hai kiéu Pales-Zeidan két hop voéi
cac chuan hoa rang budc cip hai; Su (2020) thiét
1ap céc diéu kién t6i uu can va du cép hai cho tinh
hiru hiéu cua 16p bai toan cén bang vecto ngoai
rang budc dang thirc dya trén cong cu dao ham theo
huéng da tri voi mot 16p ham 6n dinh. Tuy nhién,
két qua thu duoc vé diéu kién t6i wu can cip hai
theo cong cu dao ham theo phuong kha vi hai lan
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cho nghiém hiru hiéu yéu cia bai toan van con it.
Pay 1a 1y do chinh dé chung t6i sir dung cong cu
dao ham theo phwong nay cho cong viéc nghién
ctru diéu kién t6i wu can cap hai d6i véi bai toan tdi
wu vecto khong tron véi ddy du cac rang budc tap,
bat dang thic tong quat (nén) va dang thic.

Duya trén sy hiéu biét ciia chung t6i ddi véi
l6p ham kha vi lién tuc theo phuong hai lan trong
truong hop don tri, didu kién t01 wu can cdp hai cho
tinh hiru hiéu cta bai toan tdi uwu vecto ¢o day du
cac rang bugc (tap, non, dang thirc) van chua dugc
xem xét can than trong thoi gian gan day va_ nhleu
két qua quan trong cta ching vé tinh t6i wu can cap
hai lién quan dén dao ham theo phuong da bi bo
qua. Vi vy, viéc thiét lap dleu kién toi wu can cap
hai cho nghiém hitu hiéu yéu cua bai toan tbi wu
vecto day du cac rang budc 13 hitu ich trong bai bao
nay. Cha y dao ham theo phuong lién tuc hai lan 1a
cong cu t6t dé thiét 1ap diéu kién t6i wu can cap hai
cho 16p cac bai toan tdi uru vecto khong tron boi vi
cong cu dao ham theo phuong cip hai xét vé mat
tinh toan thi dé dang thuc hién, co thé van dung
linh hoat va tién lgi hon cac cong cu dudi vi phan
triru tuong khac, ching han dudi vi phan Clarke,
dudi vi phan Fréchet, dudi vi phan Mordukhovich...

Véi cac 1y do néu trén, chung t6i st dung
cong cu dao ham theo phuong kha vi hai lan cap
hai dé xay dung cac dleu kién t&i wu can cip hai
cho nghiém hitu hiéu yéu dia phuong cta bai toan
tdi wu vecto co rang budc khong tron. Két qua thu
dugc trong bai bao 1a cong cu tét dé 1am viéc véi
cac diéu kién toi uu cap hai dang doi ngau va cac
mo hinh d6i ngau cho 16p bai toan toi uu vecto
khong tron c6 day du rang budc trong tuong lai va
co sO dé dé xuat thuat toan giai bai toan sau nay.

2. Bai toan tdi wu vecto

2.1. Ky hiéu

Cho mt khong gian Banach X va&i khéng gian
doi ngau topd cia nd ky hiéu la X va cho mét tap
con khong rong tuy y Ac X. Phan trong, bao
déng, bao 101 va bao noén cua tdp A dugc ky hi€u
COA, COneA,

tuong ung bdi intA, A, o day

coneA={ta:t>0, ac A}. Mot ddy cic so thuc
duong (t,) c6 gi¢i han bang 0 duge ky hiéu boi
t, —0". S6 phan tir ciia tap A ky hiéu 1a |A| va non
déi ngau cua tip A dinh
={£eX"|(& a)20 VaeAl.

nghia 1a
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Cho tiy ¥ c4c vecto V,W, X thudc X.
Pinh nghia 2.1.1. Ta ndi v vai lién két w néu

_ t2
d[x+tv+2w,AJ
=0

lim >
t—0" t

Chay 1: w duogc goi la vecto tiép xtc cap hai
déi voi tap A tai vecto X.

Pinh nghia 2.1.2. N6n tiép xiic cip mot va
cép hai di v6i tap A tai vecto Xxe A duoc dinh
nghia tuong Ung la:

T(A, )_()={V€X|E|}/Z(O,+OO)—>X sa0  cho

tIlﬂrg] 7(t)=0 va x+t(v+y(t)) e A Vt>0},
TZ(A, X)={weX|3ve X, y:(0, +)—> X sao cho

limy(t)=0 va >_<+tv+%t2 (W+y(t)eA vt> 0}.

t—0"

Chuy 2: D@ dang thay rang cac non tiép
xuc cap mdt va cap hai déu chura goc toa do O.
Cha y T(A, >_() la mot nén doéng trong X va
T? (A, >_<) 1a mot non trong X (xem Constantin
(2021)). Trong trudng hop vecto v lién két W
ta luon c6 cac quan h¢ veT (A, >_<) va
weT?(A x).

2.2. Dinh nghia

Cho X, Y, Z, W 1a cac khdéng gian Banach thuc
véi mot chuén ||.| (¢ day khong c6 sy nham 1an
xay ra), khong gian dbi ngau topo cua X, Y, Z, W
tuong Umg la X*, Y*, Z*, W*. Cho m{t tép con tuy
y C khéc rong ctiia X, mot non 16i déng c6 phan
trong khac rong Q trong Y va mét non 161 dong S co
phan trong khéc rdng trong Z. Xét cac anh xa gid tri
vecto sau:

f:X>Y,g: X>Z, h: X>W.

Bai toan ti wu vecto khong tron cd cac rang
budc tap, nén va dang thirc (PC) dugc dinh nghia la:

min f (x)
xeX
g(x)e-S
saocho{h(x)=0
xeC

Ky hiéu K tap chip nhan dugc ciia bai toan

(PC), nghia la
K ={XGC: g(x)e-s, h(x):O}.

Dinh nghia 2.2.1.

(i) Mdi vecto xe K duoc goi la che‘ip nhan
duogc cia bai toan (PC).

(ii) Moi vecto xeK duoc goi 1a mot
nghiém hiru hiéu yéu cua bai toan (PC) néu véi
moi xe K taco

f (%)~ f(x)e-intQ.

(iii) M3i vecto xeK dugc goi la mot
nghiém hiru hiéu yeéu dia phuong cua (PC) néu
tdn tai hinh cdu mé tdm x ban kinh
5>0 (B(i,&)) sa0 cho véi x< K NB(x,5), tacod

f(x)-f(x)e-intQ

Cha'y 3: Néu vecto xeK 1a mot nghiém hiru

hiéu yéu cua (PC), thi X cling 1a mot nghiém hiru
hiéu yéu dia phuong cua (PC). Pac biét, trong
truong hop Q=[0,+x), moéi quan hé

f(x)- f (&)e—intQ twong duwong véi bat ding
thie f(x)> f(x).

Ky hiéu: H ={xe X :h(x)=0}.

Theo dinh nghia 2.1.2., ta ludn c6

T?(H, X)NT?(C, X)>T*(HAC, ). (%)

Tuy nhién, do C 1a tap tuy y trong X nén bao
ham thtrc nguoc lai khong ding trong trudong hop
tong quat. Truong hop C mo va CnH md,
hién nhién

T?(C,X)=T?*(CAH, x)=X.

Do do, bao ham thirc nguoc lai cta (*) luén
duoc thoa man. Trong bai toan t6i uu (PC), khong
phai lic nao tagp C va CnH ciling mo, nén dé
thudn ti¢n trong cong viéc nghién ctru, chung t6i dé
xudt chuan hoéa rang budc cap hai (CQ) sau:

Dinh nghia 2.2.2. Ta néi diéu kién chuan hoa
rang budc cap hai (CQ) cho bai toan (PC) duogc
thoa man tai vecto XxeC nH néu
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T2(H, X)NT2(C, X)=T?(H NC, X).
Vi chuan héa rang budc cép hai (CQ), ta ¢6
dang thuc dung:
T?(H, X)NT*(C, x)=T*(H AC, X).
Dinh nghia co ban vé dao ham theo phuong
dugc trich tur tai liéu Rockarfellar (1970):

Dinh nghia 2.2.3. Cho 4nh xa f: X —>Y va
X, ve X. Khi do:

(i) Pao ham theo phwong cip mot cua f tai X
theo phuong v dugc xac dinh boi

Df (>_<)(v) =lim f (>_<+tv)— f ()_()

t—>0"

Néu gi6i han trén ton tai theo moi phuong v
thi f goi 1 kha vi theo phuong tai X.
(ii) Pao ham theo phuong cip hai cua f tai
vecto X theo phuong v dugc xac dinh boi
iy (i)(v): im f(x+tv)— f (Z()_th (x)(v)
t—0 t

2

Néu gi6i han trén ton tai theo moi phwong v thi f

goi 12 kha vi hai lan theo phuong tai X.

(iii) Ta no6i rang f kha vi theo phuong lién tuc
hai 14n tai x néu cac dao ham cip mot va cip hai
Df (.), D*f (.) lién tuc tai x.

Chay 4: Theo Rockafellar (1970) ta dugc

Df (>_<)(su) = sDf (>_<)(u) Vs >0.

va néu thém gia thiét dao ham Df(.) lién tuc tai
vecto X thi voituy v X, U, v thudc X:

Df (>_<)(u +v)=Df (;()(U)-f- Df (>_<)(v)

3. Pic trung cép hai

Vén dung két qua trong Chu y 4 ta nhén dugc
mot s0 dac trung cap hai lién quan dén dao ham
theo phuong nhu sau:

Ménh d@é 3.1. Cho 4anh xa kha vi lién tuc hai
lan theo phuong f : X —Y tai vecto xe X Vva cho
cac vecto U,V e X. Khi do:
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(i) sz(i)(su)zszsz(i)(u), Vs >0.

(ii) sz(>_<)(u +v):D2f(>_<)(u)+D2f(>_<)(v).

(iii) f[>_<+tu+§vJ=f(>_<)+th(>_<)(u)+
(D1 (X)) + D1 (X)(w) #o(t*)vt=0

o(t?) _o.

2

o day lim

t=0"

Churng minh:

Theo dinh nghia dao ham theo hudng véi
moi so thuc s>0, tacod

- f (x+tsu)— f (x)—tDf (x)(su
D2 f (X)(SU)= ”m ( ) ( ) ( )( )

t—>0 t

=s’D?f (>_<)(u)
Hién nhién (i) dung trong trudng hop S=0va
do d6 (i) dung voi moi s> 0.

(i) Tuong tu nhu ching minh trong trudong
hop (i) ta co:

sz(g)(u +V)
_jim f(>_<+t(u +V))—f >_()—th (%)(u +V)

t—0 %
i (x+tu+tv)~ f (x) - (DF (x)(u) + Df (x)(v)

t—0 %
s e e

2
. f(x+tu)— f(x)-tDf (x)(u)
2
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=tlirg] D f (>_< +tu)(v)+ D*f (>_<)(u)

=D*f (>_<)(u)+ D*f (>_<)(v)
(iii) Sir dung tinh kha vi lién tuc hai lan ciia
anh xa f tai xe X va sau d6 két hop (i), (ii) va

tILrg] 0? ) =0, ta co khai trién Taylor dén cip hai:
) Df( )(tu +t22J
f[>_<+tu +t—vj: f(>_<)+
2 1
. Df (>_<)(tu) rol)
2
2
f( )+th ()_()( )+%
(DF (X)(v)+ D*f (X)(u))+o(t?)
Diéu phai ching minh. O

Chuy 5: Cong thire (iii) duge g01 13 khai trién
Taylor dén cap hai ctia ham s kha vi lién tuc theo

phuong f tai xe X va biéu thirc 0( )du’qc goi la

vo cung bé bac cao hon so véi t’trong qua trinh
t—0".

Truong hop f kha vi lién tuc Fréchet hai 1an
tai Xe X, tacodtir cong thuc (iii):

f [;<+tu +§VJ = f (;()+tVf (>_<)(u)
(9 (X)) 72 () @) o) vt o

o(t?)
t2

=0, cac dao ham Fréchet cip mot

o day lim

t—0"

va c?ip hai ciia ham f tai diém xe X duoc ky hiéu
tuong tng boi VI ()_() va V2 f ()_()

Dé nghién ciru diéu kién t6i wu can cdp hai

cho nghi¢ém hiru hi€u yeu dia phuong cta bai toan

(PC), chiing ta goi lai ménh d& sau (xem Constantin
(2011)):

Ménh dé 3.2. Gia st rang:
(@) xeH ={xe X :h(x)=0}.

(b) h 12 ham kha vi Fréchet lién tuc dén
cAp hai trong mot 14n cén cia diém x.

(c) Vh()_(): X —>W 13 toan anh tuyén tinh.
Khi d6,veT?(H.X) voi vecto lien két
ueT(H,x) khi va chi khi
Vh(x)(u)=0
Vh(x)(v)+V?h(x)(u,u)=0
Ménh dé 3.3. (Su (2020)) Cho diy sb thuc

duong (t,) voi t, —>0" vagia s ze-S.

JERRY Y
Neéu ton tai lim —=

N—+w0 ts

e—intcone(S +z), thi

ddy (z,)=-S véi moi sé nguyén duong n du 16n.
4. Piéu Kién tdi wu cin cip hai cho nghi¢m
hiru hi¢u yéu
Xét bai toan t6i uu vecto khong tron cé rang
budc (PC) dugc xac dinh nhu trong tiéu muc 2.2.
Cho ngan gon, tor day ta quy udc bat ky

veT?(H,x) 6 vecto lién két ueT(H,x) néu
khong c6 phat biéu khac. Dat
ézcone(8+g(;<)),
K(H)={ue X : Vh(x)(u) =0}.

Khi do, ta c6 S+intS=intS do S 1a mot
non 10i déng voi intS khac réng.  Cho trude

veTz(H,)_(), ta ky hidu
veX: Df (x)(u)=0, Dg(x)(u)e-s,
Dy (x)(v)+ ng(i)(u)Jrol(t )

~t?
2

ﬂ{VGX :Vh(;)(V)-"Vzh(i)(U,U):O}ﬂTZ(C,;),
RZ(C,;()Z{VE X :Df (;()(u):o, Dg (i)(u)e—S}
ﬂ{VE X :Vh()_()(V)+V2h()_()(U,U):0}mT2<C,)_().

K?(C,x)=

e—intS vt>0

Hién nhién KZ(C,i)cRZ(C,i). Do d6, néu

K? (C,)_() khac rong thi K’ (C,)_() ciing khac rong.
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Tiép theo chiing toi dua ra diéu kién dé K*(C,x)
khac rong. Dit
K, Z{XEC : g(x)e—int§, h(x):O}.

Ménh d& 4.1. Cho xeK,

veT? (K, X) cb

va bat ky
vecto lién két
ueT (K1,>_<) ~ker Df (x)(.) ~ker Dg(x)(.).Néu f, g
khé vi lién tuc hai lan thep phqong tai x; h 1a ham
kha vi Fréchet lién tuc dén cap hai trong mot lan
can ctia diém X véi Vh(x):X —>W Ia toan anh
tuyén tinh, thi K*(C,X)2¢ va K (C,x) =g,

Churng minh:

Vi xeK; nén T(K;, x)#¢ va theo gia thiét
vecto

ban ddu ta luon tim  duoc

ueT (Kl,>_<)m ker Df (x)(.) ~ker Dg(x)(.) sao cho
veT?(K,X). Bsi vi KcHNC nén
T? (K, X)=T?(H A€, x)=T?(C, x) T2 (H, x).
Do do6 veTz(C,)_() 6 vecto lién két ueT(H,)_(),
ap dung Ménh d&é 3.2 trén ta suy ra rang
Vh(x)(v)+V?h(x)(u,u)=0, hay
VETZ(C,)_()H{VEX:Vh()_()(V)+V2h()_()(U,U)=O}.

Ta c¢6 non 16 dong S chira 0 va

u € ker Df (X)( ) N ker Dg(X)( )nén theo dinh nghia
nhan duoc

Df (X)(u)zo, Dg()_()(u)e—S. Ta ching minh

cua anh xa ta

veK? (C, ;(), hay tuong duong véi

e—intS vo6i moi

D X))+ D7 (¥)(0)+ 2L

2
t>0.Viv eTz(Kl,;() nén ta tim dugc mot anh xa
7:(0,400) > X thoa man lim y(t)=0 va khong
t—0*
mat tinh tong quat voi moi t>0 di nho ta gia sir ring

2

- t
X +1tu +E(7/(t)+v)e K,.
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Do ueker Dg(>_<)(.) suy ra Dg (>_<)(u)=0,
OeSkéo theog (?() e cone(S +g (>_<)) =S. Str dung
Ménh dé 3.1 trén, voimoi t >0
( 2)

Dg)() + D2 ()W) + —5—

g (E v+ oo+ v)) — 9() — tDg@® M

t2
2
_ t? _
g <x + tu + 7(y(t) + v)> —g)
= 2
2
€—intS— g
c—intS—S
=—intS.

Vay Ve KZ(C,Q) suy ra VERZ(C,)_() va chling ta
két thiic chirng minh ménh dé. O
_ Bay gi¢ ching t61 cung cép didu kién t6i wu
can cap 2 cho nghiém hiru hi€u y€u dia phuong ctia
bai toan (PC):
Pinh 1y 4.1. Gia sir cac gia thiét (a), (b) va (¢)

trong Ménh d@é 3.2 duoc théa man va chuin hoa
rang budc cap hai (CQ) cho bai toan (PC) dung tai

x € K. Gia sir cac anh xa f, g kha vi lién tuc hai lan
theo phuong tai X. Néu vecto xeK la mot
nghiém hiru hiéu yéu dia phuong cua bai toan (PC)
thi véi moi phuong chip nhan dugc v e K? (C,)_()

véilienkét ue K(H) taco
Df (x)(v)+D*f (x)(u)e—intQ. (1)

Chitng minh:

Ta ¢c6 ueK(H) kéo theo Vh(i)(u):Ova
vekK? (C,)?)suy ra Vh(?()(v)+vzh(>_<)(u,u) -0.
Ap dung Ménh dé 3.2 ta duoc vecto v eTZ(H ,>"<)
vi vecto ueT(H,x) dua theo Jiménez va Novo,
2003. Theo gia thiét ban dau v e K> (c,i)chung ta

suy ra rang VeTZ(C,)_()mTZ(H,)_(). Ap dung
chudn hoa rang budc cip hai (CQ) cho bai toan
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(PC)  thoa xeK ta

VETZ(C A H,>_<). Ta c6 vecto chip nhan duoc X

man  tai duoc

la mot nghiém hiru hiéu yéu dia phuong cta bai
todn (PC), khi d6 ton tai mot hinh cau mo

U= B(>_<,5) thod man
f(x)- f (i)g—intQ (VxeKnU). (2

Twur quan hé VeTZ(CmH,)_() suy ra ton tai

mot anh xa y:(0,+00) — X thoa méan lim y(t)=0

t—0*
va khong mat tinh tong quat véi moi t >0 du nho
ta gia sir rang
2

)_(+tu+%(7(t)+v)eCmHmU. (3)

Vi 4nh xa g kha vi lién tuc hai lan theo
phuong tai X, lai ap dung Ménh dé 2.2 (iii), v6i tiiy
yt>0 tacéd

g[;<+tu +%VJ =g(x)+tDg(x)(u)
+ g(Df (x)(v)+ ng()_()(U))-‘rO(tz) ,

& day o(t*)/t* >0 khi t 0"
Twr cac quan hé
Dg(x)(v)+D?g(x)(u) e—ints,
Dg(?()(u)
t
— 2 —
' g£x+tu+t2vj—g(x)
lim

t—0" t2

e-S, g ()_<) e -S ta duoc:

e—intS

do gidi han bén trai bang voi
%(Dg(i)(m D%g(x)(u)
U0

e—intS.

2

Vay g[;<+tu +%VJG—S (4) v6i bat ky

s6 duong t>0 di bé.

Két hop (2), (3), (4) va sir dung khai trién
Taylor dén cap hai ctia ham f tai x ta duoc

Df (X)(v)+D?f (¥)(u) =—%Df (X)(u)
f [;<+tu +t22vj— f (i)

+ lim
t—0* t
2
_ t2 _
flx+tu+—v|—f (x)
= lim 2
t—0* t2
2
eY \(—intQ).
Vay quan hé (1) dung va két thuc chirmg minh
dinh 1y. O

Pinh Iy 4.2. Gia sir cac gia thiét (a), (b) va (¢)
trong Ménh dé 3.2 duoc théa man va chuan hoa
rang budc cap hai (CQ) cho bai toan (PC) diing tai

x € K. Gia sir cac anh xa f, g kha vi lién tuc hai lan

theo phuong tai X. Néu vecto x€ K 1a mot
nghiém hiru hiéu yéu dia phuong cua bai toan (PC)

thi v6i moi hudng chdp nhan dugc v eK’ (C,;()

véilinkét ue K(H), taco

(DF (X)(v)+ D*f (x)(u), Dy (x)(v)+ D*g(X)(u))
¢ (—int Q) x (—int$), (5)
&day S:= cone(S +g (>_<))

Chitng minh: Néu xay ra truong hop
Dg(>_<)(v)+ ng(i)(u)e—intSA, thi quan hé (5)
hién nhién dugc thoa man. Nguoc lai, theo cach
xay dung cuia tap K’ (C,)_() va suy ra tir gia thiét
v eK’ (C,)_() rang v e K? (C,)_(). Ap dung Pinh Iy
4.1, ta c6 quan hé (1) dung va diéu nay kéo theo

quan h¢ khong phu thudc (5) cling dung va diéu
nay két thic chiing minh dinh 1y. O

Cuoz cung, chung toi cung cap diéu kién téi
wu can cap hai kiéu Fritz John sau:

Pinh Iy 4.3. Gia sir cac gia thiét (a), (b) va (¢)
trong Ménh dé 3.2 dugc théa man va chuan hoa
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rang budc cip hai (CQ) cho bai todn (PC) diing tai
x € K. Gia sir cac 4nh xa f, g kha vi lién tuc hai 1an

theo phuong tai X. Néu vecto xeK la mot
nghiém hitu hiéu yéu dia phuong cua bai toan (PC)

thi v6i moi huéng chép nhan duge ve K (C,)
véi lién két ue K(H), ton tai cc cp 4,4, €Q”
VA g4, 1, €S*, ching khong dong thoi bang 0 thod

A.Df (x)(v)+ 4D f (x)(u)
man +;¢1Dg(§)(v)+y2ng(§)(u)20 (6)
19(X)=0,  wg(x)=0 (7)
Chitng minh:

Ap dung Pinh Iy 4.2 ta c6 quan hé (5) dung.
Str dung mét dinh ly tdch manh (Rockarfellar
(1970)) cho hai tap hop roi nhau gom tap compact
va tap tich co phan trong khac rdng, khi d6 ton tai

(Au)e (Q xS* ) {0,0} voi yg( )=Othoaman

[iJ(Df (X)(v)+ D*f (x)(u) Dy (x)(v)+ D (¥)(u)) 20

tuong duong

/‘L(Df (?)(v) +D?f (;)(u)) + y(Dg (i)(v) +D?%g (i)(u)) >0.
Chon A=A, =4, 1 =m=p ta di dén két qua (6) va
(7) va diéu nay két thic chimg minh dinhly. O

Dé khép lai bai bao, chung t6i dé xuit mot vi
du minh hoa cho Pinh ly 4.3:

Vi dy 1: Xét bai toan tbi wu vecto (PC) co day
du cic rang budc tip, noén, ding thuc véi
X=Z=W=R, Y=R’° Q=R’ S=R,
C=[-11] va x=0.
Dinh nghia ham myc tiéu f : R — R? cho boi
f =(f, f,), trong do:

XCOSX - Sin X

fl(x)z (x=0)
0 , (x=0)

sinx )’
- () o
0 , (x=0)

va cac ham rang budc
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g:R—>R chobsi g(x)=x-x*(vxeR),
h:R—R cho bsi h(x)=x*-x(VxeR).
Ta cé tap chép nhén duoc c6 dang
={xeC:g(x)e-S,h(x) =0}
={XE[—1,1]:x2—x:0}
—{0,1}.

Chon B(?(,&):B(O,%J, suy ra

KﬂB(O,lJz{O}.
2

e 1
Ta c6 vGi moi XeKﬂB(O,EJ,

f(x)—f(x)=f(x)-f(0)
=(0,0) g —intR?
Theo Dinh nghia 2.2.1, x=0 la nghiém hitu
hi¢u y€u dia phuong cua bai toan (PC) va thém
nira, Vu,veR, taco f, g kha vi hai lan theo

phuong tai X va h kha vi hai 1an Fréchet tai x. Do
Vh ()_() R — R la toan anh va hon nita

Df, (0)(v) = Df, (0)(v) =0,

Dg(0)(v) =v, Vh(0)(v) =-v,

D1, (0)(u) =-D*F, (O)(u) = 2u”

D?g(0)(u) =-2u?, V*h(0)(u)=2u?.

Theo BPinh Iy 3.3 wekK’ (C, )_() vai vecto
ueK(H)

A4 €R?, w1, €R, tat ca chung khong dong
thoi bang khong thoa min

lién ket ton tai cac sO thuc

ADf (x)(v)+ 4D f (x)(u)
+;11Dg(>_<)(v)+y2ng(>_<)(u)20 (8)
#9(x)=,9(x)=0 ©)

That vay ta chon Ziz(l,l),iz:[%,ZJ,

=0, 1, :% va duge két qua
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ADf (X)(v)+4,D°f (x)(u)
+,ung( (V) + 1,

)+ 4,079 (x)(u)
=(1.0+1.0) [—(——u )+2§ ]

#9(x)=00=0,

Viy bat ding thic va dang thuc (8) va (9)
cuing thoa man. Biéu phai kiém tra.

5. Két luan

Trong bai bao, ching t6i di thiét 1ap dugc cac
diéu kién t6i wu can cdp hai dang co ban va dang
dbi ngau kiéu Fritz John cho cac nghiém hitu hiéu
yéu dia phuong cua bai toan t6i uu vecto khong
tron c6 day du cac rang budc (PC) dya trén cong cu
ctia dao ham theo phuong cip mot va cip hai véi
16p ham kha vi lién tyc hai lan theo phuong tai
nghiém chép nhan duoc. Két qua nhan dugc trén
van con ding d6i véi nghiém hiru hiéu yéu cho bai
toan (PC). Bén canh, mot sb dic trung cip hai cho
16p ham lién quan ciing dugc thiét 1ap phu hop véi
muc dich tmg dung cua cong thic khai trién Taylor
dén cdp hai nham muc dich phuc vu cho qua trinh
chirng minh cac két qua cua bai bao. Mot vi du
cling duoc cung cip dé mé ta dinh 1y ddi ngdu dang
Fritz John.

Loi cam on: Tac gia chan thanh cam on dén
phéan bién da doc ban thao can than va dua ra cac
nhan xét cling v6i mot s6 dé xudt phu hop gitp tac
gia diéu chinh ban thao tét hon.
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